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Uniformly accelerated mirrors. I. Mean fluxes

N. Obadia* and R. Parentani†
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~Received 18 September 2002; published 21 January 2003!

The Davies-Fulling model describes the scattering of a massless field by a moving mirror in 111 dimen-
sions. When the mirror travels under uniform acceleration, one encounters severe problems which are due to
the infinite blueshift effects associated with the horizons. On one hand, the Bogoliubov coefficients are ill
defined and the total energy emitted diverges. On the other hand, the instantaneous mean flux vanishes. To
obtain well-defined expressions we introduce an alternative model based on an action principle. The usefulness
of this model is to allow us to switch on and off the interaction at asymptotically large times. By an appropriate
choice of the switching function, we obtain analytical expressions for the scattering amplitudes and the fluxes
emitted by the mirror. When the coupling is constant, we recover the vanishing flux. However, it is now
followed by transients which inevitably become singular when the switching off is performed at late time. Our
analysis reveals that the scattering amplitudes~and the Bogoliubov coefficients! should be seen as distributions
and not as mere functions. Moreover, our regularized amplitudes can be put in a one to one correspondence
with the transition amplitudes of an accelerated detector, thereby unifying the physics of uniformly accelerated
systems. In a forthcoming article, we shall use our scattering amplitudes to analyze the quantum correlations
among emitted particles which are also ill defined in the Davies-Fulling model in the presence of horizons.

DOI: 10.1103/PhysRevD.67.024021 PACS number~s!: 04.62.1v, 03.70.1k, 04.70.Dy
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INTRODUCTION

When considering the fluxes emitted by a uniformly a
celerated mirror described by the Davies-Fulling model, o
encounters a paradoxical situation: when working in the
tial vacuum, the local flux of energy vanishes whereas
Bogoliubov coefficients encoding pair creation do not. Mo
over, ^Nv&, the mean number of particles with frequencyv
emitted toJ 1 diverges@1–3#, and so does the correspondin
total energŷ H&5*0

`dv v^Nv&.
It should be pointed out that similar properties are sha

by all uniformly accelerated systems. They are indeed fo
~in a slightly different form! in the case of a uniformly ac
celerated classical charge@4#, an accelerated two-level atom
@5–7#, and for accelerated black holes@8,9#. The vanishing
of the energy flux and the divergence of the total energy
both unavoidable when considering uniformly accelera
systems whose coupling to the radiation field is constant.
vanishing of the flux follows from the facts that the orb
with uniform acceleration are generated by the boost op
tor of the Lorentz group and that the Minkowski vacuum is
null eigenstate of this operator. Hence stationarity is built
and this implies a vanishing flux.~When applied to acceler
ated atoms this is known as Grove’s theorem@10–13#.! The
divergence of the total energy emitted follows from the s
gular behavior of the ‘‘Rindler’’ modes~i.e., the eigenmodes
of the boost operator! on the horizons associated with a un
formly accelerated trajectory; see Appendix C of@7# for a
general proof.

In order to obtain regular expressions for the flux and
energy emitted, one needs either to regularize the trajec
by decreasing the acceleration at asymptotically large tim
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or, as we shall do, to switch off the coupling between t
accelerated system~here the mirror! and the radiation field.
This procedure was already applied to an accelerated t
level atom in@7# and regular expressions have been found
the local flux and the total energy emitted. In the pres
paper, it is our intention to apply a similar treatment to
accelerated mirror. However, one immediately encounte
problem: this analysis cannot be performed within the fram
work of the original Davies-Fulling model because, by co
struction, the reflection on the mirror is total. Therefore, w
first introduce an alternative model based on an action p
ciple which, on one hand, reproduces the results of
Davies-Fulling model when the coupling between the mir
and the radiation is constant and, on the other hand, all
one to switch on and off the interactions.

When using this model to describe the scattering by
accelerated mirror, we obtain regular expressions for
transition amplitudes in the place of the singular Bogoliub
coefficients obtained with the Davies-Fulling model. Bo
local quantities, such as the mean flux^TVV&, and global
ones, such as the mean energy^H& and density of particles
^Nv&, are now well defined. Moreover, as long as the co
pling is constant, we recover the fact that the energy fl
vanishes. However, it is now preceded and followed by tr
sient effects associated with the switching on and off. B
cause of the ever increasing Doppler effect associated
constant acceleration, these effects are exponentially b
shifted~in terms of the proper time of the mirror!. Therefore,
in order to get a finite energy, the rate of switching off t
interaction must be faster than the growth of the Dopp
effect ~a condition also found in@7#!. If this condition is not
satisfied, the mirror emits an infinite energy, thereby rec
ering ill-defined results like those obtained with the Davie
Fulling model.

To further clarify the physics in play in the scattering by
mirror of accelerationa, we compute the transition ampli
©2003 The American Physical Society21-1
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tudes governing pair creation in a ‘‘mixed’’ representatio
By mixed we mean that in each pair one quantum is cha
terized byv, a Minkowski frequency, whereas its partner
characterized byl, a Rindler frequency, the eigenvalue
the energy with respect to the proper time of the mirror. T
representation is useful for the following reasons. First, wh
l5DM , the scattering amplitudes closely correspond to
transition amplitudes governing the absorption and emiss
of photons by an accelerated two-level atom whose ene
gap isDM . It is quite nice to see how, for each Minkows
frequencyv, the ‘‘exciton’’ of the atom is replaced by th
emission of the partner of the Minkowski quantum. Se
ondly, the range of Minkowski frequenciesv that participate
to the processes when the interactions last for a proper
lapse ofT is finite and grows withaeaT. Hence the physics
in play is a succession of pair creation acts with Dopp
shifted Minkowski frequencies. However, this cannot be s
by considering only the expectation value of the flux, i.e.,
one-point function of the stress tensor, because these su
sive individual effects perfectly interfere with each ord
since, in the absence of recoils, the orbit is generated b
Killing field. In order to reveal these local acts, one shou
either consider the correlations among emitted quanta
computing the two-point function@14# of the energy flux or
enlarge the dynamics so as to take into account the re
effects. In the following article@15# we will analyze these
quantum correlations, and in a forthcoming paper we s
analyze recoil effects.

I. THE DAVIES-FULLING MODEL AND ITS EXTENSIONS

In this section, we first analyze the case of asymptotica
inertial trajectories~Sec. I A!. We introduce notation that als
applies to the cases of trajectories which enter or le
space-time through null infinities~Sec. I B!, cases which turn
out to be more delicate to analyze. In Sec. I C we introd
the self-interacting model. Section I D is devoted to the stu
of energy fluxes.

A. Asymptotically inertial trajectories

In the Davies-Fulling model@1#, one studies the scatterin
of a massless scalar field induced by imposing a Dirich
boundary condition along a timelike trajectory in 111 di-
mensions. The evolution of the field operator is governed
the d’Alembert equation

~] t
22]z

2!F~ t,z!50, ~1!

together with the reflection condition along the trajectory
the mirrorz5zcl(t),

F„t,zcl~ t !…50. ~2!

Since we work in 111 dimensions with a massless field, it
particularly useful to work in the lightlike coordinatesU, V
5t7z. Then, Eq. ~1! becomes]U]VF(U,V)50, and its
general solution is a sum of a function ofU plus a function
02402
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of V. Since the trajectory of the mirror is given once for a
the recoil effects induced by the scattering of quanta
neglected.

In this subsection, in addition to the condition that t
mirror trajectory be timelike, we consider only asympto
cally inertial trajectories, i.e., trajectories which origina
from the timelike past infinityi 2 and which end ini 1 ~see
Fig. 1!. Then, since the reflection is total, the configuratio
emerging fromJ R

2 , the right part ofJ 2, are completely
decoupled from those emerging fromJ L

2 . Therefore, one
can analyze what happens on each side separately. On
right-hand side, all left movers are scattered into right mo
ers and sent towardJ R

1 . In second quantization, when th
trajectory is not inertial, this leads to the production of pa
formed with two right movers. Similarly, on the left-han
side, one studies the scattering fromJ L

2 to J L
1 . Since the

expressions governing the scattering on the left are obta
from those on the right by exchangingU and V, we will
restrict ourselves to the analysis of the scattering fromJ R

2 to
J R

1 .
To analyze the scattering in second quantization, one

needs to identify the in basis of modes which are defin
before the scattering occurs. OnJ R

2 , the usual eigenmode
of Minkowski energyi ] t5v.0 can be used sinceJ R

2 is a
Cauchy surface for the left movers when the mirror emer
from i 2 ~this is no longer the case for trajectories whi
emerge fromJ R

2 ; see Sec. I B!. On J R
2 the Minkowski

modes are given by

wv
V, in~V,U52`!5

e2 ivV

A4pv
, ~3!

where the upper indexV, in means that the mode is left mov
ing and defined on the initial Cauchy surfaceJ 2. We have
introduced the indexV in order to be able to deal with par
tially reflecting mirrors for which left and right mover

FIG. 1. In this Penrose diagram, the solid line is a timeli
trajectory going fromi 2 to i 1. The dashed lines represent incomin
V configurations which give rise to the production of a pair
outgoingU quanta~right movers!.
1-2



O

r,

ie
n

n

n

le
le

e
to
tio

es

rs
tio

is
n-

rs
ror

so
on

de-

is

e.
for

all
t

the
ura-
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should be simultaneously considered. The norm ofwv
V, in is

determined by the usual Klein-Gordon scalar product.
J R

2 , one has

~wv
V, in ,wv8

V, in
![E

2`

1`

dV wv
V, in* i ]JVwv8

V, in
5d~v2v8!, ~4!

where f ]JVg5 f ]Vg2g]Vf .
For finite values ofU, on the right-hand side of the mirro

i.e., forV>Vcl(U), the in modewv
V, in , the solution of Eq.~2!

which has Eq.~3! as initial Cauchy data is

wv
V, in~V,U !5

e2 ivV

A4pv
2

e2 ivVcl~U !

A4pv
. ~5!

To analyze its final frequency content, it should be Four
decomposed onJ R

1 . In total analogy with what we have o
J R

2 , on J R
1 the positive frequency modes are

wv8
U,out

~U,V51`!5
e2 iv8U

A4pv8
. ~6!

Since they are complete, onJ R
1 , the in modes can be writte

as

wv
V, in~U,V51`!5E

0

`

dv8~av8v
UV* wv8

U,out
2bv8v

UV* wv8
U,out* !.

~7!

When evaluated onJ R
1 , the overlaps are given by

av8v
UV* [~wv8

U,out,wv
V, in!522E

2`

1`

dU
eiv8U

A4p/v8

e2 ivVcl~U !

A4pv
,

~8!

bv8v
UV* [~wv8

U,out* ,wv
V, in!52E

2`

1`

dU
e2 iv8U

A4p/v8

e2 ivVcl~U !

A4pv
.

~9!

To interpret the scattering in terms of particle creatio
one should decompose the Heisenberg field operatorF in
both the in and out bases. When working with a comp
field, annihilation in operators of particles and antipartic
are defined by

av
V, in5~wv

V, in ,F!, bv
V, in5~wv

V, in ,F†!. ~10!

Because the in modeswv
V, in form an orthogonal and complet

basis, these operators satisfy the canonical commuta
when the field operator satisfies the equal-time commuta
relation @F(t,z),] tF

†(t,z8)#5 id(z2z8). The in vacuum
state is defined, as usual, byav

V, inu0&5bv
V, inu0&50. Similarly,

the out operators are defined with the out modeswv
U,out.

Since we are dealing with a linear theory without sourc
the overlapsa andb of Eqs.~8! and~9! define the Bogoliu-
bov coefficients relating the initial and final operato
av ,bv . Therefore, these overlaps determine the expecta
values~as well as the nondiagonal matrix elements! of all
02402
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operators built withF. For instance, when the initial state
vacuum, the mean number of right moving particles of e
ergy v8 received onJ R

1 is

^Nv8
U &[ in^0uav8

U,out†av8
U,outu0& in5E

0

`

dvubv8v
UV u2. ~11!

B. Nonasymptotically inertial trajectories

When the trajectory does not end oni 1 ~or does not begin
from i 2), the strict decoupling between left and right move
is no longer realized even when the reflection on the mir
is total. Consider, for instance, the trajectory

Vcl~U !52k21e2kU. ~12!

The mirror goes fromi 2 to V50 onJ L
1 . Depending on the

sign ofV, left movers emerging fromJ R
2 are either reflected

into right movers forV,0 or end as left movers onJ L
1 for

V.0 ~see Fig. 2!. Thus, onJ 1, the image ofwv
V, in of Eq. ~3!

now contains two pieces:

wv
V, in~U,V!5Q~V!

e2 ivV

A4pv
2

eivke2kU

A4pv
. ~13!

This mode is singular atV50 where the mirror hitsJ L
1 . On

the other side of the mirror, theU in modes emerging from
J L

2 are fully reflected into left movers but they are al
singular onJ L

1 . Hence both sets of in modes are singular
J 1, at V50.

FIG. 2. In this Penrose diagram we represent the trajectory
fined in Eq. ~12!. This trajectory has often been considered~see,
e.g., @14#! because of its analogy with the Hawking effect. In th
case,J R

2 is a Cauchy surface whereasJ R
1 is not. The portion of

J L
1 with V.0 plays the role of the future horizon of the black hol

The dashed lines are incoming left movers. One sees that
V,0 the quanta are reflected, giving rise to right movers for
values ofU. On the contrary, forV.0, the incoming quanta do no
reach the trajectory and end up inJ L

1 . The question mark is there
to bring the reader’s attention to the issue of the choice of
appropriate basis of out modes to decompose the field config
tions when the mirror crossesJ L

1 .
1-3
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This raises an interesting question: Given that the mir
trajectory ends onJ L

1 , which is part of the final Cauchy
surface, what is the appropriate set of out modes to desc
the scattered field configurations?

The procedure we shall follow to choose these modes i
decouple the radiation field asymptotically from the mirr
i.e., to make the mirror asymptotically transparent. In t
case, the free Minkowski modese2 iv8V/A4pv8 and
e2 iv8U/A4pv8 still form a complete out basis. We shall n
adopt the other choice, which consists in working with o
modes defined on either side of the mirror onJ L

1 . These
modes are so singular that their~Minkowski! energy content
is not defined. Nevertheless, when working in a state sp
fied onJ 2, the expectation values of local operators who
support is VÞ0 are independent of the out basis o
chooses. The out basis is necessary only for computing
bal quantities such as the total energy^H&5*0

`dv v^Nv&.
When adopting the asymptotic decoupling hypothesis,

image ofwv
V, in on J R

1ø$J L
1(V.0)% can be decomposed a

wv
V, in5E

0

`

dv8~av8v
jV* wv8

j ,out
2bv8v

jV* wv8
j ,out* !, ~14!

wherewv8
j ,out are the usual Minkowski modes, as in Eq.~7!.

The Bogoliubov coefficientsa,b are now 232 matrices. The
discrete indexj stands forU,V and is summed over whe
repeated. These coefficients are still given by the Kle
Gordon scalar product as in Eqs.~8! and ~9!, since the out
basis is composed of the usual Minkowski modes. When
trajectory is asymptotically inertial, we recover what ha
pens in the right-hand side of the mirror fora i j 5aUV, b i j

5bUV, and on the left-hand side fora i j 5aVU, b i j 5bVU. In
addition, one hasaVV5bVV5aUU5bUU50. Finally, we
mention that a similar decomposition of Eq.~14! holds on
each side of the mirror when the mirror travels fromJ 2 to
J 1, as is the case for a uniformly accelerated system~see
Sec. II!.

C. Partially transmitting mirrors

In preparation for subsequent analysis, we now pres
how to study partially transmitting mirrors. In this case, o
should also considerU andV modes simultaneously. Indee
when the trajectory is asymptotically inertial, an incomingU
mode is partially scattered into an outgoingV mode and
partially transmitted as an outgoingU mode. Hence, when
the mirror is not inertial, a proper description of the Bog
liubov coefficients requires one to consider 232 matrices
a,b which mix U andV modes.

There are two different ways to describe partially tran
mitting mirrors. First, one can choose from the outset
transmission coefficient~expressed in the rest frame of th
mirror! and deduce from it the Bogoliubov coefficients~see
Sec. II B in @16#!. We shall not follow this method since
does not allow one to switch off the coupling to the radiati
field.

The other method is based on self-interactions descr
by an action. The principal usefulness of this model is
02402
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allow switching on and off of the coupling of the radiatio
with the mirror. We will see in the next sections that this
necessary to obtain well-defined transition energy fluxes
a uniformly accelerated mirror. In the following, we shall u
only this model~see Sec. III in@16# for more details!.

In this model, the scattering on the mirror is governed
an action whose density is localized on the mirror traject
xcl

m(t), wheret is the proper time,

L int52E dt H int~t!52g0E dt g~t!E d2x

3d2@xm2xcl
m~t!#F@F†~ t,z!,F~ t,z!#. ~15!

g0 is the coupling constant. The real functiong(t) controls
the time dependence of the interaction: When the coup
lasts a proper time lapse equal to 2T, g(t) is normalized by
*dt g(t)52T. To preserve the linearity of the scattering,F
must be a quadratic form of the fieldF, and to have a well-
defined Hamiltonian, it should be Hermitian. The vario
possibilities with the lowest number of derivatives a
F05F†F, F15F†i ]JtF, andF25]tF

†]tF.
In the interacting picture, the charged field evolves free

It can thus be decomposed as

F~U,V!5E
0

` dv

A4pv
~av

Ue2 ivU1av
Ve2 ivV1bv

U†eivU

1bv
V†eivV!. ~16!

The annihilation and creation operators of left and right mo
ing particles~and antiparticles! are constant and obey th
usual commutation relations

@av
i ,av8

j †
#5d i j d~v2v8!, @bv

i ,bv8
j †

#5d i j d~v2v8!.
~17!

All other commutators vanish. In the interacting picture, t
states evolve through the action of a time-ordered oper
TeiL int. When the initial state is vacuum, up to second ord
in g0 , the state onJ 1 is

TeiL intu0&5u0&1 iL intu0&1
~ iL int!

2

2
u0&1uD&. ~18!

The ketuD& contains terms arising from time ordering. Non
of these terms contribute to the total energy emitted~see@16#
for a detailed analysis!. Hence we dropuD& from now on.

The relationship between this model and the origin
Davies-Fulling model can be made explicit by consideri
the case whereF5F†i ]JtF andg(t)51 ~see@16#!. In this
case, whatever the mirror trajectory is, the first order tran
tion amplitudes are related to the overlapsavv8

i j ,bvv8
i j enter-

ing into Eq.~14! in the following way:

Avv8
VV* [^0uav

VeiL intav8
V†u0&c5d~v2v8!2 ig0avv8

VV ,
~19a!

Bvv8
VV* [^0ue2 iL intav

V†bv8
V†u0&52 ig0bvv8

VV , ~19b!
1-4
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Avv8
VU* [^0uav

VeiL intav8
U†u0&c52 ig0avv8

VU* , ~19c!

Bvv8
VU* [^0ue2 iL intav

V†bv8
U†u0&5 ig0bvv8

VU* , ~19d!

where the subscript̂ &c means that only the connecte
graphs are kept. In Eqs.~19b! and~19d!, one sees clearly the
link between theb coefficients and pair creation amplitude

When using these amplitudes to compute energy flu
one encounters severe infrared divergences due to the m
less character ofF. These divergences can be eliminated
considering the Hamiltonian with one more derivative:

F@F†,F#5
dxcl

m

dt

dxcl
n

dt
~]mF†]nF1]mF]nF†!. ~20!

The two terms within the parentheses mean that the inte
tion is symmetrical under charge conjugation. This impl
that the transition amplitudes will be invariant under the e
change ofa andb operators.

It should be stressed that the self-interacting model
handle without modification the cases when the traject
enters and/or leaves space through null infinities. In th
cases, when computing transition amplitudes perturbativ
one automatically adopts the convention of using asympt
cally free modes. Indeed, the interacting picture is based
the assumption that the interaction is switched on and
asymptotically. This remark reinforces the well-found
character of the choice adopted in the former subsectio
use, for the out basis, free Minkowski modes onJ 1.

D. Energy fluxes

In this subsection, we compute physical observables s
as the number of emitted particles, the energy, and its flu
to second order ing0 and when the initial state is vacuum
We study only the left moving quanta emitted towardJ L

1 ;
all the results for the right movers can be obtained by
changingU andV.

The mean number ofV particles of energyv is particu-
larly simple because only the second term of Eq.~18! con-
tributes. One obtains

^Nv
V&[^0ue2 iL intav

V†av
VeiL intu0&

5E
0

`

dv8~ uBvv8
VV u21uBvv8

VU u2!, ~21!

in the place of Eq.~11! since the partner ofav
V can be either

a U or aV quantum. Then the~subtracted! integrated energy
is, as usual,

^HM
V &52E

0

`

dv v^Nv
V&, ~22!

where the factor of 2 stands for particles1antiparticles.
One can also compute the local flux of energy. The c

responding Hermitian operator is TVV5]VF†]VF
1]VF]VF†. Its expectation value is given by
02402
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^TVV~V!&[^0ue2 iL intTVVeiL intu0&2^0uTVVu0&

5^TVV
I &1^TVV

II &, ~23!

where

^TVV
I &[^0uL intTVVL intu0&c

52 (
j 5U,V

E E
0

`

dv dv8
Avv8

2p
e2 i ~v82v!V

3S E
0

`

dk Bvk
V j* Bv8k

V j D ~24!

and

^TVV
II &[22@ Im$^0uTVVL intu0&%1Re$^0uTVVL intL intu0&c%#

522 ReH (
j 5U,V

E E
0

`

dv dv8
Avv8

2p
e2 i ~v81v!V

3S E
0

`

dk Avk
V j* Bv8k

V j D J . ~25!

We have subtracted the average value ofTVV in the vacuum
in order to remove the zero point energy. In Eq.~23!, we
introduced̂ TVV

I &, which determines the integrated~positive!
energy^HM

V & of Eq. ~22! and ^TVV
II &, which integrates to 0.

Note that the linear term ing0 in the first equality of Eq.~25!
reappears in the second through the definition of theA terms
given by Eqs.~19!.

In addition to these expressions based on the amplitudA
andB, one can also express^TVV& by using the ‘‘scattered’’
Wightman function.1 This function is defined by

W~U,V;U8,V8!5^0ue2 iL intF†~U,V!F~U8,V8!eiL intu0&c .
~26!

To obtain the subtracted flux, one needs also the unpertu
Wightman function evaluated in the vacuum:

Wvac~U,V;U8,V8!5^0uF†~U,V!F~U8,V8!u0&

52
1

4p
@ ln~V82V2 i e!

1 ln~U82U2 i e!#. ~27!

In terms of these functions, the mean flux onJ L
1 reads@16#

1This illustrates the fact that one does not need to choose an
basis when computing expectation values of local operators w
initial states prepared onJ 2. Notice, however, that the subtractio
in Eq. ~28! implicitly reintroduces the notion of a Minkowsk
vacuum onJ 1 since theonly singularity ofWvac(U,V;U8,V8) in
Eq. ~27! is the usual short distance one, independently of the p
ence of the mirror onJ 1. Thus, since subtracting the vacuu
contribution onJ 1 is equivalent to subtracting that of the ou
modes, the use of Eq.~27! implies that the mirror is no longe
coupled to the radiation field at asymptotically late times.
1-5
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^TVV~V!&52 lim
V8→V

]V]V8@W~U,V;U8,V8!

2Wvac~U,V;U8,V8!#. ~28!

Notice finally that this expression also applies to the Davi
Fulling model and leads to the well-known result

^TVV~V!&DF

52
1

2p
lim

V8→V

lim
e→0

]V]V8@ ln~Ucl~V8!2Ucl~V!2 i e!

2 ln~V82V2 i e!#

5
1

6p H S dUcl

dV D 1/2

]V
2F S dUcl

dV D 21/2G J . ~29!

From this equation one sees that the energy flux is loca
that it contains at most three derivatives ofUcl(V) evaluated
at the advanced timeV. When considering the interactin
model withg(t)Þconst, this local property will be lost.

II. UNIFORMLY ACCELERATED MIRRORS

Uniform acceleration means that

d2xm

dt2

d2xm

dt2 52a25const. ~30!

In terms of Minkowski space-time coordinates, the traject
readst22z25UV521/a2. In the following, we will con-
sider a uniformly accelerated mirror living in the right Rin
dler wedgeR, i.e., its trajectory isUcl(V)521/a2V with V
running from 0 to1` ~see Fig. 3!.

The scattering associated with this trajectory leads to s
eral difficulties when using the Davies-Fulling model.
Sec. II A, we list these difficulties. Then we will see ho

FIG. 3. In this Penrose diagram, we show a uniformly acce
ated trajectory going fromV50 on J R

2 to U50 on J R
1 . The

dashed lines represent the scattering of a pair of quanta~represented
by localized wave packets! emerging fromJ L

2 . One particle is
reflected into an outgoingV quantum forU,0 whereas the othe
ends as a left mover onJ R

1 for U.0. The dotted line represents
V quantum which is not reflected by the mirror.
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they can be resolved by using our self-interacting model w
a smooth switching on and off of the coupling.

A. The difficulties in using the Davies-Fulling model

When considering the scattering by a uniformly accel
ated mirror with the Davies-Fulling model, on the left side
the trajectory, the images onJ 1 of the scattered in mode
are

wv
U, in~U,V!5Q~U !

e2 ivU

A4pv
1Q~V!S 2

eiv/a2V

A4pv
D , ~31!

wv
V, in~U,V!5Q~2V!

e2 ivV

A4pv
. ~32!

As expected from Sec. I B, they are singular where the m
ror enters (V50) and leaves (U50) the space-time. Thei
overlaps with plane waves~out modes! are @2#

av8v
VV* [~wv8

V,out,wv
V, in!5

1

4p

v1v8

Avv8

i

v2v8
, ~33a!

bv8v
VV* [~wv8

V,out* ,wv
V, in!5

1

4p

v2v8

Avv8

i

v1v8
,

~33b!

av8v
VU* [~wv8

V,out,wv
U, in!5

21

pa
K1S 2 i

2Avv8

a D ,

~33c!

bv8v
VU* [~wv8

V,out* ,wv
U, in!5

2 i

pa
K1S 2Avv8

a D ,

~33d!

whereK1(z) is a modified Bessel function~see Appendix A!.
When computing ^Nv& @given by *0

`dv8 (ubv8v
VV u2

1ubv8v
VU u2)); see Eqs.~11! and ~21!#, the integral overv8

diverges in the infrared. Moreover,av8v
VV diverges whenv

5v8. Similarly, av8v
VU is ill defined since the integral repre

sentation of the Bessel function in Eq.~33c! requires one to
contain a finite and positive real part@see Eq.~A1!#.

In addition to these problems in momentum space, wh
computing the space-time properties of the flux, one enco
ters the following properties. When pluggingUcl(V)5
21/a2V for V.0 into Eq. ~29!, one finds that̂ TVV(V)&DF

vanishes.2 This is not in agreement with the nonvanishin
character of the b since, on one hand, ^HM

V &

2Generally, the trajectories which provide a vanishingV flux are
of the form Ucl(V)5(AV1B)/(CV1D) @1#. Timelikeness im-
poses AD.BC. If C50, we recover inertial trajectories. I
CÞ0, we recover uniformly accelerated trajectories w
a5C/AAD2BC.

r-
1-6



g

el

f

i-

ic

h
w
is

u

ol

as
o
de

st

hi

er
ns
th

he

of

-
by

e
as
not
e-
the
rk
en

e
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5*0
`dv v^Nv

V& and, on the other hand, ^HM
V &

5*2`
1`dV^TVV&. It is as if the created particles were carryin

no energy flux@1,17,18#.
To sum up, the difficulties of the Davies-Fulling mod

for uniformly accelerated trajectories are as follows.
~i! Unregulated and infrared diverging overlaps, Eqs.~33!.
~ii ! A diverging expression for̂Nv&, the mean number o

particles created.
~iii ! A vanishing local flux, although pair creation trans

tion amplitudes do not vanish.
~iv! When one considers the scattering bytwo uniformly

accelerated mirrors with symmetrical trajectories, i.e., wh
both obeyUV521/a2, the ~unregulated! overlapsb also
vanish, together with the local flux. From@19#, one could
infer that these settings form a perfect interferometer. T
cannot be exactly the case since the two mirrors live in t
causally uncorrelated regions. This issue will be fully d
cussed in a forthcoming paper@15#.

B. The switching function g

To avoid the difficulties listed above, we shall use o
self-interacting model, based on Eqs.~15! and ~20!. We re-
quire that the switching functiong(t) be continuous, differ-
entiable, and it decrease sufficiently rapidly for larget. A
choice we find very convenient and shall adopt is

g~t!5e22h cosh~at!5e2h@aVcl~t!11/aVcl~t!#, ~34!

where 0,h!1 is a dimensionless parameter which contr
the switching time.

g(t) can be interpreted in two different ways: either
governing how the interactions with the mirror are turned
and off, or as a mathematical regulator which properly

fines the transition amplitudesAi j
vv8 ,Bi j

vv8 . This second in-
terpretation implicitly relies on the limith→0 ~see Appen-
dix B!. In the body of the text, we shall use the fir
~physical! interpretation ofg(t).

The features ofg(t) are the following~see Fig. 4!.
~a! A plateau of height 1 centered aroundt50 and of

width equal to

2T[2pgl50.
2u ln~2h!u

a
. ~35!

~b! Slopes which are maximal and equal toa/e1O(h2)
for at.6(aT1 ln 2).

~c! An exponentially decreasing tail. We shall see that t
extremely rapid decreasing behavior (;e2heautu

) is sufficient
for having a finite Minkowski flux onJ 1.

We now compute the Rindler and Minkowski Fouri
components ofg since they will reappear in the expressio
of the transition amplitudes. They are given in terms of
modified Bessel functions:

gl[
1

2p E
2`

1`

dt e22h cosh~at!eilt5
1

ap
Kil/a~2h!,

~36!
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gv[
1

2p E
0

`

dV e2h~aV11/aV!eivV

52
1

ap

1

A12 iv/ah
K1~2hA12 iv/ah!. ~37!

In the ultraviolet, forl@a and v@a/h, the Rindler and
Minkowski components decrease, respectively, as

uglu ;
l→` 1

a
~a/l!1/2e2pl/2a, ~38!

ugvu ;
v→` 1

a
~a/v!3/4h1/4e2A2vh/a. ~39!

From Eq.~38!, one sees that the ultraviolet behavior of t
Rindler component is independent ofh. This is a direct con-
sequence of point~b!, which states that the maximal slope
the switching function is independent ofh when expressed in
proper timet. From Eq.~39! one finds instead that the ultra
violet behavior of the Minkowski components is damped
the regulatorh.

C. Regularized amplitudes and particle content

Given g(t) of Eq. ~34!, the transition amplitudes can b
explicitly calculated. They are given in Appendix B and,
expected, they are well defined. Nevertheless, we will
work with these amplitudes characterized by Minkowski fr
quencies since they are not convenient for computing
expectation value of observables. Similarly, we will not wo
with the transition amplitudes with Rindler frequencies ev
though they are simply expressed in terms ofgl of Eq. ~36!.

FIG. 4. Here are presented twog(t), both for a51. The solid
line is with lnh5220 and the dashed line with lnh5218. One
sees that the size of the plateau is linear in lnh whereas the slope is
independent ofh. This remark will be crucial when considering th
Rindler energy emitted by the mirror~see Sec. III!.
1-7
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It turns out that it is more convenient to express the flu
and the energy in terms of transition amplitudes contain
one Minkowski and one Rindler frequency. More precise
these amplitudes mix Minkowski and ‘‘Unruh’’ quanta. Th
Unruh modesŵl

j are linear combinations of positive fre
quency Minkowski modesand eigenmodes of Rindler en
ergy l ~see@5,13# and Appendix C!.

These ‘‘mixed’’ transition amplitudes3 are given by the
matrix elements of the scattering operator with t
Minkowski operatorav

j and the Unruh oneâl
j :

Avl
i j * [^0uav

i eiL intâl
j †u0&c ,

Bvl
i j [^0uav

i b̂l
j eiL intu0&. ~40!

To first order ing0 , using Eqs.~15!, ~20!, ~63!, and~78!, we
get

Avl
VU* 52

ig0

pa
Avl/~12e22pl/a!~12 iv/ah!2~12 il/a!/2

3K12 il/a~2hA12 iv/ah!, ~41!

Bvl
VU5

ig0

pa
Avl/~12e22pl/a!~12 iv/ah!2~11 il/a!/2

3K11 il/a~2hA12 iv/ah!. ~42!

Moreover, as shown in Appendix C, theU and V Unruh
modes coincide when evaluated along the trajectory. Th
fore Bvl

VU5Bvl
VV , and similarly forA.

Using these amplitudes, the mean Minkowski ene
emitted toJ L

1 can be written

^HM
V &54E

0

`

dv vE
2`

1`

dluBvl
VVu2

5E
0

`

dvE
2`

1`

dl hM~v,l;h!. ~43!

The number 4 before the first integral means that proce
involving U or V particles andU or V antiparticles equally
contribute to the mean Minkowski energy emitted toJ L

1 ~or
J R

1).
The exact computation of̂HM

V & will be performed in the
next section. In the following, we shall studyhM(v,l,h)
54vuBvl

VVu2 to give a qualitative understanding of^HM
V &.

The usefulness of the mixed representation is that the be
ior of hM(v,l;h) in the ~v,l,h! space is quite easy to ex
plain. The starting point is that the norm ofBvl

VU decreases a
e22pulu/a for ulu@a, as expected from the corresponden
mentioned in footnote 3. Hence, the relevant range ofl is

3These scattering amplitudes make contact with the transition
plitudes of a uniformly accelerated detector coupled to the radia
field F @5,6,7,13,20#. For instance, the spontaneous emission a
plitude of a two-level atom with an energy gapDM is equal to
(vAl)21Bv,l

VU ul5DM ; see Eq.~2.48! in @13#.
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centered around 0 and of extension a fewa’s. Whenl be-
longs to this interval, the following analysis applies.

First, h acts as a regulator: the Minkowski frequenci
which contribute tohM belong to the interval

ah&v&ja/h, ~44!

wherej is a numerical factor. Its value is;0.50 when one
uses the mid height criterion:hM(v5ja/h,l;h)/hM(v
5a,l;h)51/2 with l belonging to the relevant interval.

Secondly, within the range given in Eq.~44!, hM hardly
depends onv, as shown in Fig. 5.4 Hence, for any given
value ofh, one can first trivially perform the integral overv
from ah to ja/h. The value of this integral is given by
hM(v5a,l;h)3ja/h, sinceh!1.

Thirdly, the height of the plateau hardly depends onh ~see
Fig. 6!. This can be understood from Eq.~A4!: when Eq.
~44! is satisfied and whenh!1, Bvl

VU is independent ofh.
Hence, one can take the limith→0 to estimate howhM
depends onl. In this limit, the scattering amplitudes obey

Bvl
VV →

n→0

2 ig0

l

epl/a2e2pl/a glv
V* , ~45!

whereglv
V 5(wv

V ,ŵl
V) is given in Eq.~C6! of Appendix C. In

this case, we get

hM~v5a,l;h!54vuBvl
VVu2

5
g0

2

2pa S l

epl/a2e2pl/aD 2

, ~46!

thereby recovering the above mentioned Boltzmann exp
sion law for ulu@a. Thus the mean energy can be appro
mated by

^HM
V &5j

a

h E
2`

1`

dl hM~v5a,l;h!

5j
g0

2a3

6ph
. ~47!

Although the numerical factor is not exactly determined~be-
cause of the ambiguity of definingj!, we will see in the next
section that the factorg0

2a3 and the scaling in 1/h correctly
define the behavior of̂HM

V & whenh!1 ~the exact value of
j is 3/8 instead of 1/2!.

So far, by the introduction of the switching off functio
@Eq. ~34!#, we have solved the first two problems listed
Sec. II A. Indeed, the transition amplitudes~expressed in the

-
n
-

4In this, we recover what was found for an accelerated detec
see Sec. 2.4 of@13#. In that case, the Minkowski frequencies th
contribute to the processes are the Doppler frequencies that res
with the energy gapDM when the interactions are turned on, i.e
those that satisfyv5eatDM for 2T,t,T. Moreover, within that
range, the transition amplitudes do not depend onv and the limit
h→0 can be used to estimate the amplitude, as in Eq.~45!.
1-8
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UNIFORMLY ACCELERATED MIRRORS. I. MEAN FLUXES PHYSICAL REVIEW D67, 024021 ~2003!
Minkowski, Rindler, or mixed representation! are now well
defined in both the infrared and the ultraviolet, and the
ergy emitted is no longer infinite. The third and last poi
i.e., the issue concerning the local fluxes, is the subject of
next section.

III. LOCAL MINKOWSKI AND RINDLER FLUXES

In the Davies-Fulling model, the flux is given by Eq.~29!.
It is a local function of the trajectoryUcl(V) and its deriva-
tives expressed at the advanced timeV. This result relies on
the time independence of the coupling. Indeed, this fea
no longer occurs when the coupling to the radiation field
switched on and off.

To compute^TVV& of Eq. ~23! we first put together the
two terms quadratic ing0 . This is appropriate when compu
ing local properties in space-time because it leads to a s
plification since this gives rise to a commutator which
local. Then the flux reads

^TVV~V!&522 Im$^0uTVVL intu0&%

1Re~^0uL int@TVV ,L int#u0&! ~48!

5^TVV~V!&11^TVV~V!&2 . ~49!

~Note that all disconnected diagrams automatically cance
this expression.! Both terms are governed by the second d
rivative of the Wightman function, Eq.~27!,

FIG. 5. Here we showhM(v,l50.15;h) in terms of lnv and
ln h. One sees clearly that the surface exhibits a ‘‘plateau’’ of c
stant height which is limited by the lines lnv56ln h.
hM(v,l;h) is given in arbitrary units anda51.
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]V]V8 Wvac~V2V8!52
1

4p

1

~V2V82 i e!2 . ~50!

Using this function, they read

^TVV~V!&152
g0

2p2

3ImH E
2`

1`

dt g~t!V̇cl
2 ~t!

1

@V2Vcl~t!2 i e#4J ,

~51!

^TVV~V!&25
g0

2

2p2
ReH E

2`

1`

dt8
g~t8!

@Vcl~t8!2V2 i e#2

3E
2`

1`

dt g~t!]Vd„Vcl~t!2V…

3S i

@Vcl~t8!2Vcl~t!2 i e#2

1
U̇cl~t!U̇cl~t8!

V̇cl~t!V̇cl~t8!

i

@Ucl~t8!2Ucl~t!2 i e#2D J ,

~52!

-
FIG. 6. Here we showhM(v51,l;h) in terms ofl and lnh.

One clearly sees that the energy densityhM is independent ofh.
This comes from that the fact that we compute it ‘‘within the pl
teau,’’ i.e., for ah!v5a!a/h. Again, hM(v,l;h) is given in
arbitrary units anda51.
1-9
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N. OBADIA AND R. PARENTANI PHYSICAL REVIEW D 67, 024021 ~2003!
where an overdot designates a derivation with respect to
proper time. The function]Vd comes from the commutator

@]VF†,]V8F#5@]VF,]V8F
†#5

i

2
]Vd~V2V8!. ~53!

To evaluate the integrals, it is appropriate to use
dummy variableṼ5Vcl(t) and to define a new function

G~Ṽ!5V̇cl~t@Ṽ# !g~t@Ṽ# !, ~54!

which can be interpreted as the effective coupling cons
when usingṼ as the time. Using this function, one can eva
ate Eqs.~51! and~52! by integrating by parts until the expo
nent of the pole is unity. All boundary contributions vanish
g(t) decreases faster thane2autu, a condition satisfied by the
switching function we chose in Eq.~34!. If g(t) decreases
more slowly thane2autu, the expectation value ofTVV is ill
defined. Hence it appears that the conditiong(t)eautu→0 for
t→6` is a necessary condition for having well-defin
Minkowski expressions.

Concerning Eq.~51!, after three integrations by parts, th
last integration is trivially performed by using Im$(x2ie)21%
5pd(x). Concerning Eq.~52!, the two terms within the pa
rentheses are equal. In order to compute this expression
first performs the integral overt by using the function]Vd.
Then, as for Eq.~51!, one integrates by parts until one gets
first order pole.

Grouping the results for Eqs.~51! and ~52!, one obtains,
for V.0,

^TVV~V.0!&5
1

12p
@g0]V

3G2g0
2~G]V

4G12]VG]V
3G!#

~55!

5
g0

2

12p
$~]V

2G!21]V@¯#%. ~56!

For V,0, one getŝ TVV&[0 as expected since theV,0
part of J L

1 is causally disconnected from the mirro
trajectory.5

5We would like to briefly comment on causality. When computi
the flux in a causally disconnected point with respect to the tra
tory, one must obviously find zero@20#. This is trivially the case
when one expresses, in Eqs.~24! and~25!, the transition amplitudes
as integrals over the proper timet and first performs the integra
over v. However, in the absence of a regulator, one loses caus
when inverting the order of the integrations. This can be seen f
the unregulated amplitudes where the fact that the mirror was in
R or L quadrant is lost@see Eqs.~B4!# in Appendix B. The advan-
tage ofg(t) is to give rise to transition amplitudes@see Eqs.~B1!#,
wherein the prescription of the pole governed byh keeps control of
causality. The same remark applies to the amplitudes in the m
representation defined in Eqs.~41! and ~42!. When using them to
compute the flux, causality is kept. Because of the analogy with
transition amplitudes of an accelerated detector, causality is
preserved by regularizing these amplitudes@see Eqs.~25!, ~26!, and
~63! of @7##.
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In Eq. ~56!, we have separated the flux into two parts
square term which will lead to a positive Minkowski energ
^HM

V &5*2`
1`dV^TVV&, and a total derivative which does no

contribute to it@note the similarity witĥ TVV
I & and^TVV

II & of
Eq. ~23!#. When using the coupling function of Eq.~34! and
Eqs. ~56! and ~A1!, one can obtain an analytical expressi
for ^HM

V &:

^HM
V &5

g0
2a3

6p
@8h3K0~4h!1~4h212h4!K1~4h!

28h3K2~4h!23h4K3~4h!1h4K5~4h!#.

~57!

When taking the limith→0 one obtains

^HM
V & ;

h→0 g0
2a3

16p

1

h
1O~1!. ~58!

Hence, up to a numerical factor, we recover the result of
~47!. It is interesting to see how the pathological features
constant coupling reemerge when takingh→0. In this limit,
the effective coupling constant of Eq.~54! obeys G(V)
5aV. Hence Eq.~55! gives a vanishing flux whereas^HM

V &
clearly diverges@see Eq.~58!#.

To complete the analysis of the transients, we now co
pute the Rindler flux@^Tvv&[(dV/dv)2^TVV)&] in terms of
the Rindler advanced timev5(1/a)ln(aV). This analysis
clearly establish that the Rindler energy carried by the tr
sient effects is insensitive to the duration of the interact
and depends only on the rate of switching on and off
interactions. From Eq.~55!, we get

^Tvv~v !&5
a2

12p
$2g0]vg1g0

2@g]v
2g12~]vg!2#%

2
1

12p
@2g0]v

3g1g0
2~g]v

4g12]vg]v
3g!#

~59!

5
g0

2

12p
@a2~]vg!21~]v

2g!2#1]v@¯#.

~60!

As for the Minkowski energŷHM
V &, Eq. ~60! shows that one

also obtains a positive Rindler energy^HR
V&5*2`

1`dv^Tvv&.
Using g given by Eq.~34!, the Rindler energy is

^HR
V&5

g0
2a3

2p
h2K2~4h!, ~61!

^HR
V& ——→

h→0 g0
2a3

16p
1O~h!. ~62!

In Fig. 7, we have plotted the Rindler flux when th
switching functiong is given by Eq.~34!. We previously
noticed that the slope ofg(t) does not depend onh. As the
slope determines the Fourier content ofgl , one understands
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why we obtain a nonvanishing Rindler energy even in
limit h→0. We could have chosen different switching fun
tions g(t) such that their slope would tend to zero. In t
limit, we would have found̂ HR&50, as for a constant cou
pling. However, in this case, we would necessarily have
tained a diverging Minkowski energŷHM

V &, since the con-
dition g(t)eautu→0 for t→6` would not have been
satisfied. HencêHR& cannot be sent to 0 if one requires
finite ^HM

V &.

CONCLUSIONS

By considering the self-interacting model defined by E
~15!, with F given in Eq.~20! andg(t) given in Eq.~34!, we
have solved all the difficulties listed in Sec. II A: The tran
mission amplitudes are well defined and given in Eqs.~41!,
~42!, and~B1!, the mean energy flux is given in Eq.~57!, and
the local flux in Eq.~55!. All these quantities are regularize
by the parameterh which controls the switching on and o
of the coupling through Eq.~34!.

The important lesson which emerges from this analysi
the following: When expressinĝTVV& in terms ofA andB as
in Eqs. ~24! and ~25!, the regulatorh should be sent to 0
after having integrated overk, v, andv8. In this, we recover
what was found in@22# when evaluating the energy densi
in the Rindler vacuum. If instead one first sendsh→0, the
unregulated expressions of the scattering amplitudes ar
poorly defined that one even loses causality and cros
symmetry~see Appendix B!. Therefore, in the presence o
horizons, or more generally when the mirror enters or lea
space-time through null infinities, it is mandatory to consid
the scattering amplitudes as distributions and not only
functions of frequencies belonging to@0, 1`#.

In addition, by expressing the scattering amplitudes in
mixed representation@see Eqs.~41! and~42!#, we have made
contact with the physics of a uniformly accelerated detec
Indeed, its absorption or emission transition amplitudes
given by the same functions as the scattering amplitude
the mixed representation. This strict correspondence es
lishes that the physics of uniformly accelerated system
dominated by the kinematics, namely,~near! stationarity with
respect to proper~Rindler! time and~near! singular behavior
due to the exponentially growing blueshift effects associa
with uniform acceleration.

APPENDIX A: BESSEL FUNCTIONS

In this appendix we recall some features of the modifi
Bessel functionsKn(z), where (n,z)PC ~see@21#, p. 374!.
They can be expressed by the following integral represe
tion:

Kn~z!5E
0

`

dt e2z cosh~ t ! cosh~nt !, ~A1!

whereuarg(z)u,p/2. ForkPN andnPR, one has

S 1

z

]

]zD
k

$znKn~z!%5e2 ipkzn2kKn2k~z!, ~A2!
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S 1

z

]

]zD
k

$z2nKn~z!%5eipkz2n2kKn1k~z!. ~A3!

We also recall the asymptotic behavior of theK’s for small
and large arguments:

K0~z! ;
z→0

2 ln~z!

and Kn~z! ;
z→0 G~n!

2 S 2

zD n

for R~n!.0 ~A4!

whereas

Kn~z! ;
z→1`

Ap/2ze2z for all n. ~A5!

APPENDIX B: REGULARIZED
TRANSITION AMPLITUDES

The aim of this appendix is to give the exact expressio
for the regularized transition amplitudes in terms
Minkowski frequencies. The main virtue of the regulatorh is
to define them without ambiguity. The direct evaluation
Eqs.~19! with g(t) defined by Eq.~34! gives

FIG. 7. Here is plotted̂Tvv(v)& as a function ofav5 ln(aV),
for a51 in arbitrary units and for two different values ofh. The
switching function has been taken for lnh526 ~solid curve! and
ln h528 ~dashed curve!. Notice the two following properties. The
flux is significantly nonzero within the transients only. The amp
tude of these transients is independent of the duration of the in
actions governed byh.
1-11



a
ro
tr

r-
l-
gh
av

a
io

ot

av

e
t if
tab-
as

al-
e-

se

e

ly

ted

mal
ding
ar-

s:

N. OBADIA AND R. PARENTANI PHYSICAL REVIEW D 67, 024021 ~2003!
Avv8
VV* 5d~v2v8!2

4ig0

p

Auvv8u
a

h2

X2 K2~X! where

X52hA12 i ~v2v8!/ah, ~B1a!

Bvv8
VV

5
4ig0

p

Auvv8u
a

h2

X82 K2~X8! where

X852hA12 i ~v1v8!/ah, ~B1b!

Avv8
VU* 52

ig0

p

Auvv8u
a

K0~Y! where

Y52A~v/a1 ih!~2v8/a2 ih!, ~B1c!

Bvv8
VU

5
ig0

p

Auvv8u
a

K0~Y8! where

Y852A~v/a1 ih!~v8/a2 ih!. ~B1d!

Two important remarks should be made. Because these
plitudes have been regularized, they possess analytical p
erties which guarantee that they obey crossing symme
that is,

Avv8
i j * 52Bv,v8eip

i j ~B2!

~see@23# for exploiting this symmetry in studying accele
ated detectors!. Secondly, had the mirror followed the acce
erated trajectory in the left quadrant rather than in the ri
one, the corresponding transition amplitudes would h
been obtained by simply replacingh by 2h.

We wish also to stress thatg(t) can be considered as
mathematical regulator which properly defines the transit
amplitudes. Consider, for instance,Bvv8

VU . Using Eq.~34!, it
is given by

Bvv8
VU }

Avv8

a E
0

`

dV
1

V
ei @~v1 ih!V2~v82 ih!/a2V#. ~B3!

One clearly sees that the integral is now well defined for b
V→0 andV→`.

Finally, it is interesting to take the limith→0 to see how
one recovers the singular amplitudes that one would h
obtained with a constant coupling. Using Eqs.~B1!, in the
limit h→0, we get

Avv8
VV* →d~v2v8!1

ig0

2p
a

Auvv8u
~v2v8!2 , ~B4a!

Bvv8
VV →2

ig0

2p
a

Auvv8u
~v1v8!2 , ~B4b!

Avv8
VU* →2

ig0

p

Auvv8u
a

K0S 22i
Auvv8u

a D ,

~B4c!
02402
m-
p-
y,

t
e

n

h

e

Bvv8
VU → ig0

p

Auvv8u
a

K0S 2
Auvv8u

a D .

~B4d!

Although the choice of our Lagrangian, based on Eq.~20!,
has removed the infrared divergences, theA terms are clearly
ill defined, as in the original Davies-Fulling model. Mor
importantly, crossing symmetry and causality are both los
one uses these unregulated amplitudes. This clearly es
lishes that the Bogoliubov coefficients must be conceived
distributions, or at least as analytical functions ofv andv8,
and not merely as functions defined from@0, 1`@. Thus the
limit h→0 should be performed only at the end of the c
culation, after having performed all integrations. This is b
cause the limith→0 in general does not commute with the
integrations.

APPENDIX C: THE UNRUH MODES

By definition, the ‘‘Unruh’’ @5# modesŵl
V andŵl

U possess
the following properties: they are made of positiv
Minkowski frequency modes only, whatever is the sign ofl,
and they are eigenfunctions ofiaV]V ~or 2 iaU]U) with
eigenvaluel. They are thus well adapted to study uniform
accelerated systems since they are eigenmodes ofi ]t5l
wheret is the proper time calculated along the accelera
trajectory.

Since the Unruh modes form a complete and orthonor
basis, one can define in a canonical way the correspon
annihilation and creation operators of particles and antip
ticles âl

i , âl
i† , b̂l

i , andb̂l
i† :

âl
i 5~ ŵl

i ,F!, b̂l
i 5~ ŵl

i ,F†!, ~C1!

where the subscripti stands as before forU and V. Hence,
the scalar field can be decomposed as

F~U,V!5 (
i 5U,V

E
2`

1`

dl~ŵl
i âl

i 1ŵl
i* b̂l

i†!. ~C2!

Note that the integrals overl cover the entire real axis.
The Unruh modes are analytically expressed as follow

ŵl
V~V![ lim

e→0

@a~V2 i e!#2 il/a

A4pl~12e22pl/a!
~C3!

5E
0

`

dv glv
V e2 ivV

A4pv
, ~C4!

with

glv
V [~wv

V ,ŵl
V! ~C5!

5
G~2 il/a!

Aap/l sinh~pl/a!
S v

a D il/a e2ve

A2pav

5@~gV!lv
21#* . ~C6!
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Notice that the regulatore in Eqs.~C3! and~C6! plays a role
similar to h in the text:e is neededto properly define the
energy density in the Rindler vacuum@22#.

When consideringU modes, we get similar expression
with glv

U 5glv
V* . Finally, when evaluated along the accele

ated trajectories, within the right~R! or the left~L! quadrant,
U andV Unruh modes coincide and are given by, inR,

V5Vcl
R~t!5eat/a,

U5Ucl
R~t!52e2at/a,

and ŵl
V~V!5ŵl

U~U !5
e2 ilt

A4pl~12e22pl/a!
, ~C7!
o

ra

02402
and inL,

V5Vcl
L ~t!52e2at/a,

U5Ucl
L ~t!5eat/a,

and ŵl
V~V!5ŵl

U~U !5
eilt

A4pl~e2pl/a21!
. ~C8!
ep.

n

@1# P. C. W. Davies and S. A. Fulling, Proc. R. Soc. LondonA348,
393 ~1976!.

@2# P. Grove, Class. Quantum Grav.3, 793 ~1986!.
@3# R. Parentani, Nucl. Phys.B465, 175 ~1996!.
@4# D. G. Boulware, Ann. Phys.~N.Y.! 124, 169 ~1980!.
@5# W. G. Unruh, Phys. Rev. D14, 870 ~1976!.
@6# A. Higuchi, G. E. A. Matsas, and C. B. Peres, Phys. Rev. D48,

3731 ~1993!.
@7# S. Massar and R. Parentani, Phys. Rev. D54, 7426~1996!.
@8# P. Yi, Phys. Rev. Lett.75, 382 ~1995!; Phys. Rev. D53, 7041

~1996!.
@9# S. Massar and R. Parentani, Phys. Rev. Lett.78, 4526~1997!.

@10# P. Grove, Class. Quantum Grav.3, 801 ~1986!.
@11# D. Raine, D. Sciama, and P. Grove, Proc. R. Soc. Lond

A435, 205 ~1991!.
@12# S. Massar, R. Parentani, and R. Brout, Class. Quantum G

10, 385 ~1993!.
n

v.

@13# R. Brout, S. Massar, R. Parentani, and P. Spindel, Phys. R
260, 329 ~1995!.

@14# R. Carlitz and R. Willey, Phys. Rev. D36, 2327~1987!.
@15# N. Obadia and R. Parentani, following paper, Phys. Rev. D67,

024022~2003!.
@16# N. Obadia and R. Parentani, Phys. Rev. D64, 044019~2001!.
@17# P. C. W. Davies and S. A. Fulling, Proc. R. Soc. LondonA356,

393 ~1976!.
@18# W. R. Walker, Phys. Rev. D31, 767 ~1985!.
@19# U. H. Gerlach, Phys. Rev. D59, 104009~1999!.
@20# W. G. Unruh and R. M. Wald, Phys. Rev. D29, 1047~1984!.
@21# Handbook of Mathematical Functions, Natl. Bur. Stand. Appl.

Math. Ser. No. 55, edited by M. Abramovitz and I. A. Stegu
~U.S. GPO, Washington, D.C., 1964!.

@22# R. Parentani, Class. Quantum Grav.10, 1409~1993!.
@23# R. Parentani and S. Massar, Phys. Rev. D55, 3603~1997!.
1-13


