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Uniformly accelerated mirrors. I. Mean fluxes
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The Davies-Fulling model describes the scattering of a massless field by a moving mirrérlirdiinen-
sions. When the mirror travels under uniform acceleration, one encounters severe problems which are due to
the infinite blueshift effects associated with the horizons. On one hand, the Bogoliubov coefficients are ill
defined and the total energy emitted diverges. On the other hand, the instantaneous mean flux vanishes. To
obtain well-defined expressions we introduce an alternative model based on an action principle. The usefulness
of this model is to allow us to switch on and off the interaction at asymptotically large times. By an appropriate
choice of the switching function, we obtain analytical expressions for the scattering amplitudes and the fluxes
emitted by the mirror. When the coupling is constant, we recover the vanishing flux. However, it is now
followed by transients which inevitably become singular when the switching off is performed at late time. Our
analysis reveals that the scattering amplitu@esl the Bogoliubov coefficientshould be seen as distributions
and not as mere functions. Moreover, our regularized amplitudes can be put in a one to one correspondence
with the transition amplitudes of an accelerated detector, thereby unifying the physics of uniformly accelerated
systems. In a forthcoming article, we shall use our scattering amplitudes to analyze the quantum correlations
among emitted particles which are also ill defined in the Davies-Fulling model in the presence of horizons.
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INTRODUCTION or, as we shall do, to switch off the coupling between the
accelerated systeiiere the mirror and the radiation field.
When considering the fluxes emitted by a uniformly ac-This procedure was already applied to an accelerated two-
celerated mirror described by the Davies-Fulling model, ondevel atom in[7] and regular expressions have been found for
encounters a paradoxical situation: when working in the inithe local flux and the total energy emitted. In the present
tial vacuum, the local flux of energy vanishes whereas theaper, it is our intention to apply a similar treatment to an
Bogoliubov coefficients encoding pair creation do not. More-accelerated mirror. However, one immediately encounters a
over,(N,,), the mean number of particles with frequensy  problem: this analysis cannot be performed within the frame-
emitted to.7 * divergeq 1-3], and so does the corresponding work of the original Davies-Fulling model because, by con-
total energy(H)= [gdw w(N,). struction, the reflection on the mirror is total. Therefore, we
It should be pointed out that similar properties are sharedirst introduce an alternative model based on an action prin-
by all uniformly accelerated systems. They are indeed foundiple which, on one hand, reproduces the results of the
(in a slightly different form in the case of a uniformly ac- Davies-Fulling model when the coupling between the mirror
celerated classical charé], an accelerated two-level atom and the radiation is constant and, on the other hand, allows
[5-7], and for accelerated black holg8,9]. The vanishing one to switch on and off the interactions.
of the energy flux and the divergence of the total energy are When using this model to describe the scattering by an
both unavoidable when considering uniformly acceleratedaccelerated mirror, we obtain regular expressions for the
systems whose coupling to the radiation field is constant. Th&ansition amplitudes in the place of the singular Bogoliubov
vanishing of the flux follows from the facts that the orbits coefficients obtained with the Davies-Fulling model. Both
with uniform acceleration are generated by the boost operdecal quantities, such as the mean fl(iky\), and global
tor of the Lorentz group and that the Minkowski vacuum is aones, such as the mean enefgl) and density of particles
null eigenstate of this operator. Hence stationarity is built in(N,,), are now well defined. Moreover, as long as the cou-
and this implies a vanishing fluX\When applied to acceler- pling is constant, we recover the fact that the energy flux
ated atoms this is known as Grove’s theorfgt—13.) The  vanishes. However, it is now preceded and followed by tran-
divergence of the total energy emitted follows from the sin-sient effects associated with the switching on and off. Be-
gular behavior of the “Rindler” modeS§.e., the eigenmodes cause of the ever increasing Doppler effect associated with
of the boost operatpon the horizons associated with a uni- constant acceleration, these effects are exponentially blue-
formly accelerated trajectory; see Appendix C[@l for a  shifted(in terms of the proper time of the mirnoiTherefore,
general proof. in order to get a finite energy, the rate of switching off the
In order to obtain regular expressions for the flux and thenteraction must be faster than the growth of the Doppler
energy emitted, one needs either to regularize the trajectomyffect (a condition also found if7]). If this condition is not
by decreasing the acceleration at asymptotically large timesatisfied, the mirror emits an infinite energy, thereby recov-
ering ill-defined results like those obtained with the Davies-

Fulling model.
*Email address: obadia@celfi.phys.univ-tours.fr To further clarify the physics in play in the scattering by a
TEmail address: parenta@celfi.phys.univ-tours.fr mirror of acceleratiorn, we compute the transition ampli-
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tudes governing pair creation in a “mixed” representation.
By mixed we mean that in each pair one quantum is charac-
terized byw, a Minkowski frequency, whereas its partner is
characterized by, a Rindler frequency, the eigenvalue of
the energy with respect to the proper time of the mirror. This
representation is useful for the following reasons. First, when
A=AM, the scattering amplitudes closely correspond to the
transition amplitudes governing the absorption and emission
of photons by an accelerated two-level atom whose energy
gap iIsAM. It is quite nice to see how, for each Minkowski
frequencyw, the “exciton” of the atom is replaced by the
emission of the partner of the Minkowski quantum. Sec-
ondly, the range of Minkowski frequenciesthat participate

to the processes when the interactions last for a proper time
lapse ofT is finite and grows wittee*". Hence the physics

in play is a succession of pair creation acts with Doppler FIG. 1. In this Penrose diagram, the solid line is a timelike
shifted Minkowski frequencies. However, this cannot be seeftrajectory going fromi ~ toi *. The dashed lines represent incoming
by considering only the expectation value of the flux, i.e., thev configurations which give rise to the production of a pair of
one-point function of the stress tensor, because these succestgoingU guanta(right movers.

sive individual effects perfectly interfere with each order

since, in the absence of recoils, the orbit is generated by gt v/ since the trajectory of the mirror is given once for all,

Killing field. In order to reveal these local acts, one shouldine recoil effects induced by the scattering of quanta are
either consider the correlations among emitted quanta bﬁeglected.

computing the two-point functiofl4] of the energy flux or | this subsection, in addition to the condition that the
enlarge the dynamics so as to take into account the recolirror trajectory be timelike, we consider only asymptoti-
effects. In the following articlg15] we will analyze these ¢4y inertial trajectories, i.e., trajectories which originate
guantum Cor_relatlons, and in a forthcoming paper we shalfom the timelike past infinity ~ and which end iri * (see
analyze recoil effects. Fig. 1). Then, since the reflection is total, the configurations
emerging fromJg , the right part of 7, are completely

|. THE DAVIES-FULLING MODEL AND ITS EXTENSIONS decoupled from those emerging fropi_ . Therefore, one
can analyze what happens on each side separately. On the

_Inthis section, we first analyze the case of asymptoticallyight-hand side, all left movers are scattered into right mov-
inertial trajectoriegSec. | A. We introduce notation that also ers and sent towardg. In second quantization, when the

applies to the cases of trajectories which enter or 1eavggiectory is not inertial, this leads to the production of pairs
space-time through null infinitieSec. 1B, cases which tum  5rmeq with two right movers. Similarly, on the left-hand

out to be more delicate to analyze. In Sec. IC we introduc¢=Side one studies the scattering frefif to 7 . Since the
1 L L .

the self-interacting model. Section | D is devoted to the SIUdyexpressions governing the scattering on the left are obtained
of energy fluxes.

from those on the right by exchanging and V, we will
restrict ourselves to the analysis of the scattering ffpmto
A. Asymptotically inertial trajectories j; .

In the Davies-Fulling moddlL], one studies the scattering 10 @nalyze the scattering in second quantization, one first
of a massless scalar field induced by imposing a Dirichlef'®€ds to identify the in basis of modes which are defined

boundary condition along a timelike trajectory in+1 di-  Pefore the scattering occurs. Qff; , the usual eigenmodes
mensions. The evolution of the field operator is governed byf Minkowski energyid,=w>0 can be used sincgy, is a
the d’Alembert equation Cauchy surface for the left movers when the mirror emerges
from i~ (this is no longer the case for trajectories which
(97— 35)D(t,2)=0, (1 emerge fromJy; see Sec. IB On J; the Minkowski

modes are given by

together with the reflection condition along the trajectory of
the mirrorz=z(t),

gu" (VU= )= ——, 3)
D(t,zy(t))=0. 2 A7w

Since we work in B- 1 dimensions with a massless field, it is where the upper inde¥,in means that the mode is left mov-
particularly useful to work in the lightlike coordinatés V ing and defined on the initial Cauchy surfage . We have

=t¥z. Then, Eq.(1) becomesd, déyP(U,V)=0, and its introduced the inde¥ in order to be able to deal with par-
general solution is a sum of a function Ofplus a function tially reflecting mirrors for which left and right movers
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should be simultaneously considered. The normoiﬁf” is
determined by the usual Klein-Gordon scalar product. On
Jr» One has

(el VM= f dV el ™idue "= 8(w—w'), (4)

wheref 3Vg= fayg—goyf.

For finite values ofJ, on the right-hand side of the mirror,
i.e., forv=V,4(U), thein modecpV N the solution of Eq(2)
which has Eq(3) as initial Cauchy data is

e—in e—ind(U)
) v

VaTw VaATw
FIG. 2. In this Penrose diagram we represent the trajectory de-
To analyze its final frequency content, it should be Fouriefined in Eq.(12. This trajectory has often been considersde,
decomposed o, . In total analogy with what we have on e g. [14]) because of its analogy with the Hawking effect. In this
Jr, 0N Jg the positive frequency modes are case,Jg is a Cauchy surface wheregs; is not. The portion of
J with V>0 plays the role of the future horizon of the black hole.
U.out _ e The dashed lines are incoming left movers. One sees that for
@, (UV=Ao)= A (6) V<0 the quanta are reflected, giving rise to right movers for all
o values ofU. On the contrary, fov>0, the incoming quanta do not
reach the trajectory and end up jfi’ . The question mark is there
to bring the reader’s attention to the issue of the choice of the
appropriate basis of out modes to decompose the field configura-
tions when the mirror crosseféf .

V |n(V U)_

—iw'U

Since they are complete, @i , the in modes can be written
as

V uv U,out uv U,outx
m(U V= +00)_J0 do’ (aw’:(pw’ou ﬁw’;(pw’ou ) ) ) ) o )
operators built withd. For instance, when the initial state is

(@) vacuum, the mean number of right moving particles of en-

When evaluated o7 , the overlaps are given by ergy »’ received onJg is
w'U  a—iwVyU) £
fOVF = (QUiou Vi, f quU e 7 , <Ng,>zm(o|a3;°“”aj;°”‘|o>m:j do|g)) 2. (1)
©e © Vamlo' dmo 0

8

S0’ g iaVg(U) B. Nonasymptotically inertial trajectories

: . When the trajectory does not end ioh (or does not begin
Vamlo' N4mw fromi ™), the strict decoupling between left and right movers
is no longer realized even when the reflection on the mirror

To interpret the scattering in terms of particle creation,!S total. Consider, for instance, the trajectory
one should decompose the Heisenberg field operdtan (U)=—k"te~ Y (12)
both the in and out bases. When working with a complex o ’
field, annihilation in operators of particles and antiparticle
are defined by

4 o
AU =(el™ ptm=2 [ au

SThe mirror goes from~ to V=0 on 7, . Depending on the
sign ofV, left movers emerging fron¥; are either reflected
alN=(¥ " @), pYiN=(pV " T (10) into right movers fov/<0 or end as left movers of|" for
V>0 (see Fig. 2 Thus, on7 ", the image ofp""" of Eq. (3)
Because the in modes’” " form an orthogonal and complete now contains two pieces:
basis, these operators satisfy the canonical commutators

when the field operator satisfies the equal-time commutation e—iwv eiwxe*KU
relation [d)(t,z),atCDT(t,z’)]zli 6(z—z2'). The in vacuum V'”(U V)=0(V (13
state is defined, as usual, By 0)=bY"0)=0. Similarly, V V4

the out operators are defined with the out mogg<™".

Since we are dealing with a linear theory without sourcesThis mode is singular af=0 where the mirror hits/,” . On
the overlapsy and 8 of Egs.(8) and(9) define the Bogoliu- the other side of the mirror, the in modes emerging from
bov coefficients relating the initial and final operators J_ are fully reflected into left movers but they are also
a, b, . Therefore, these overlaps determine the expectatiosingular on7, . Hence both sets of in modes are singular on
values(as well as the nondiagonal matrix elemegmnb$ all Jt, atvV=0.
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This raises an interesting question: Given that the mirromallow switching on and off of the coupling of the radiation
trajectory ends on7, , which is part of the final Cauchy with the mirror. We will see in the next sections that this is
surface, what is the appropriate set of out modes to describgecessary to obtain well-defined transition energy fluxes for
the scattered field configurations? a uniformly accelerated mirror. In the following, we shall use

The procedure we shall follow to choose these modes is tonly this model(see Sec. Il inf16] for more details
decouple the radiation field asymptotically from the mirror,  In this model, the scattering on the mirror is governed by
i.e., to make the mirror asymptotically transparent. In thisan action whose density is localized on the mirror trajectory

case, the free Minkowski modee '“'V/\4mw’ and Xa(7), whereris the proper time,
e @'V [Are still form a complete out basis. We shall not

adopt the other choice, which consists in working with out Line= —f d7Hiu(7)= —gof drg(r)f dx
modes defined on either side of the mirror gif . These
modes are so singular that théinkowski) energy content X 8 xF—xL(7) | FIDT(t,2),D(t,2)]. (15

is not defined. Nevertheless, when working in a state speci-
fied on 7, the expectation values of local operators whoseg, is the coupling constant. The real functigr) controls
support isV#0 are independent of the out basis onethe time dependence of the interaction: When the coupling
chooses. The out basis is necessary only for computing gldasts a proper time lapse equal td,2g(7) is normalized by
bal quantities such as the total eney)= fgdw o(N,,). Jdrg(7)=2T. To preserve the linearity of the scatterirsg,
When adopting the asymptotic decoupling hypothesis, thénust be a quadratic form of the fieddl, and to have a well-
image ofe”" on 74 U{J, (V>0)} can be decomposed as defined Hamiltonian, it should be Hermitian. The various
possibilities with the lowest number of derivatives are
vin_ [, ive jout Ve jouk Fo=®'d, 7,=0Ti9,®, and F,=9,979,0.
o™, do’(a, ¢y ~ByuPur ) (14 In the interacting picture, the charged field evolves freely.
It can thus be decomposed as

where ¢!'?" are the usual Minkowski modes, as in Ed). . do
The Bogoliubov coefficients,8 are now 2< 2 matrices. The d(U,V)= f
discrete indey stands forU,V and is summed over when 0 V4Tw
repeated. These coefficients are still given by the Klein- +pVTeioYy (16)
Gordon scalar product as in Eq8) and (9), since the out @ '
basis is composed of the usual Minkowski modes. When th
trajectory is asymptotically inertial, we recover what hap-
pens in the right-hand side of the mirror fatl =YY, B!
=YV, and on the left-hand side far'! ="V, g1=8"Y. In
addition, one hawvvzﬁvvz OZUU:ﬁUU:O- Fina"y, we [ai ajT[]:éijg(w_w!) [bl b”,]zc‘)‘”b‘(w—w’)
mention that a similar decomposition of Ed.4) holds on @ oenTe 17
each side of the mirror when the mirror travels frgm to

J", as is the case for a uniformly accelerated systee®  All other commutators vanish. In the interacting picture, the

U—ioU —iwV Ut ioU
(a,e '““+a e '“Y+b, e

§he annihilation and creation operators of left and right mov-
ing particles(and antiparticlesare constant and obey the
usual commutation relations

Sec. ). states evolve through the action of a time-ordered operator
Telint, When the initial state is vacuum, up to second order
C. Partially transmitting mirrors in go, the state on7 " is
In preparation for subsequent analysis, we now present o . (il )2
how to study partially transmitting mirrors. In this case, one TeLM0)=]0)+iLy/0) + 5 |0)+|D). (18

should also considdd andV modes simultaneously. Indeed,

when the trajectory is asymptotically inertial, an incomldg  The ket|D) contains terms arising from time ordering. None
mode is partially scattered into an outgoigymode and  f these terms contribute to the total energy emitte] 16]
partially transmitted as an outgoing mode. Hence, when fo 4 detailed analysjsHence we drogD) from now on.

the mirror is not inertial, a proper description of the Bogo-  The relationship between this model and the original
liubov coefficients requires one to considex2 matrices  payies-Fulling model can be made explicit by considering
a8 which mix U andV modes. the case wher=®'i g ® andg(7)=1 (see[16]). In this

.T.here are two .d|fferent ways to describe partially trans'case, whatever the mirror trajectory is, the first order transi-
mitting mirrors. First, one can choose from the outset the i

transmission coefficientexpressed in the rest frame of the fuon_amplltudes are related tc_’ the ovsarlaﬁ“?w, B, ENter-
mirror) and deduce from it the Bogoliubov coefficierfee N9 into Eq.(14) in the following way:

Sec. 1B in[16]). We shall not follow this method since it VVx Vol Vi o

does not allow one to switch off the coupling to the radiation Apo =(0lagea,,[0)c=d(w—w")—igoa

\AY

wo'?

field. (193
The other method is based on self-interactions described VWt )l il VLVt VY
by an action. The principal usefulness of this model is to B’ =(0[e”"ima;'h ,[0)=—igoB,,, (19
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Asar =(0laye"ma,]|0)e=—igoa,, (199 (Tyu(V))=(0le""tnTyyeln|0) (0| T\n|0)
— | 1
B/Yr=(0letna’'b" |0y =ig,BY"r , (190 (T (T @3
where
where the subscript ). means that only the connected
graphs are kept. In Eq&19b) and(19d), one sees clearly the (TY\)=(OILinTurLindO)c
link between thes coefficients and pair creation amplitudes. . Joo
When using these amplitudes to compute energy fluxes =2 2 f f do do’ W e (0 —w)V

one encounters severe infrared divergences due to the mass- =0,V 0 2w

less character ob. These divergences can be eliminated by

considering the Hamiltonian with one more derivative: « fo dk BY)L* BwJ’k) (24)
T c1>]—dxg'dig'(a Oy d+9,d9,d". (20 d
A dr odr e T pwemre an

TUv = —2[IM{{0| TyyLing 0} + RE[{O| Ty LinLind O
The two terms within the parentheses mean that the interac-< vV [Im{{O[TyvLin| 02} + RE{(O[ v L intLin|0)e} ]
tion is symmetrical under charge conjugation. This implies o oo’
—-2Re > f J' dodw’ = g @ TV
=0,V 0

that the transition amplitudes will be invariant under the ex- = 2
change ofa andb operators.

It should be stressed that the self-interacting model can
handle without modification the cases when the trajectory X
enters and/or leaves space through null infinities. In these
cases, when computing transition amplitudes perturbatively, .
one automatically adopts the convention of using asymptoti- e have subtracted the average valudgf in the vacuum
cally free modes. Indeed, the interacting picture is based off order to r:emove .the ZE10 pomt energy. In Eag).’ e
the assumption that the interaction is switched on and Ofptroducec\j/<TVV), which determ:lnes the integratébsitive
asymptotically. This remark reinforces the well-founded€nergy(Hwy) of Eq.(22) and(Ty,), which integrates to 0.
character of the choice adopted in the former subsection tblote that the linear term ig, in the first equality of Eq(25)
use, for the out basis, free Minkowski modes &1 . reappears in the second through the definition ofAterms
given by Eqgs(19).

In addition to these expressions based on the amplitddes
andB, one can also expres3y,) by using the “scattered”

In this subsection, we compute physical observables sucightman functiort: This function is defined by
as the number of emitted particles, the energy, and its fluxes, _ _
to second order i, and when the initial state is vacuum. W(U,V;U’,V")=(0le " "tndT(U,V)®(U’,V")e'"im0),.
We study only the left moving quanta emitted toward ; (26)
2:: ;rTgi r:SLSJugi de/r. the right movers can be obtained by 0 obtain the subtracted flux, one needs also the unperturbed

The mean number of particles of energyw is particu- Wightman function evaluated in the vacuum:

Lﬁgﬁtzggiebi%?:iii only the second term of Ekf) con- Wiad U, V;U’ V) =(0|dT(U,V)d(U’,V')|0)

JO dk AVJ* ij,k> ’ : (25)

D. Energy fluxes

_ _ 1
(Nyy=(0|e"'-ma}Taye'-mn 0) = z-[n(Vv'-Vv-ie

w

=dew'(|BLVU,|2+|BZj,|2), (21) +In(U'—U—ie)]. 27)
0

In terms of these functions, the mean flux gii reads[16]
in the place of Eq(11) since the partner i, can be either
aU or aV quantum. Then thésubtracteglintegrated energy
is, as usual, IThis illustrates the fact that one does not need to choose an out
basis when computing expectation values of local operators with
% initial states prepared af ~. Notice, however, that the subtraction
<H\“/”>:2f dw o(NY), (220 in Eq. (28) implicitly reintroduces the notion of a Minkowski
0 vacuum onJ " since theonly singularity of W,,{U,V;U’,V') in
] ) ] Eq. (27) is the usual short distance one, independently of the pres-
where the factor of 2 stands for particteantiparticles. ence of the mirror on7*. Thus, since subtracting the vacuum
One can also compute the local flux of energy. The corcontribution on7* is equivalent to subtracting that of the out
responding Hermitian operator isTyy=d,®'9y®  modes, the use of Eq27) implies that the mirror is no longer
+a,Pa,P'. Its expectation value is given by coupled to the radiation field at asymptotically late times.
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they can be resolved by using our self-interacting model with
a smooth switching on and off of the coupling.

A. The difficulties in using the Davies-Fulling model

When considering the scattering by a uniformly acceler-
ated mirror with the Davies-Fulling model, on the left side of
the trajectory, the images affi " of the scattered in modes

are
' —ieU iwla?V
soti*'“(u,V)=®(U>m+®<V> —m)’ (31)
/ _ %
1 P U =0(-V) = (32

FIG. 3. In this Penrose diagram, we show a uniformly acceler-
ated trajectory going from/=0 on Jx to U=0 on J%. The
dashed lines represent the scattering of a pair of quaspaesented
by localized wave packetemerging fromJ7_ . One particle is
reflected into an outgoiny quantum forU <0 whereas the other
ends as a left mover off for U>0. The dotted line represents a

As expected from Sec. | B, they are singular where the mir-
ror enters ¥=0) and leavesy{ =0) the space-time. Their
overlaps with plane wave®ut modes are[2]

V quantum which is not reflected by the mirror. VWx _, Viout Vin 1 wto' |
aw’w=( o Po )_4_ IPNA (338)
. T Jow' OO
<Tvv(v)>:2 I|m 8v0"v/[W(U,V;U,,V’)
V' =V
—W,dU,V;U’ V)]. (28 BVV*E((PV,OUT* Viiny _ i w—w :
o'w ' Yo A 0w w+w'’
Notice finally that this expression also applies to the Davies- (33b
Fulling model and leads to the well-known result
<TVV(V)>DF VUx _ V,out U, in _ -1 . 2\/(1)(1),
@yio =, @y )= —Ky| —i :
Ta a
1. , - (339
=5~ lim lim dydy: [ IN(Ug(V')—=Ug(V)—ie)
v/ yv€e—0
—In(V'—=V—ie)] VUs _ Vious  Ujini_ o [2 Voo
Boo=(e, ¢, )=—2K;y :
12 —12 ma a
_ i dUcI (92 dUcl (29) (330)
67|\ dV VI dv '

whereK(z) is a modified Bessel functiofsee Appendix A
From this equation one sees that the energy flux is local in When computing (N,,) [given by [de’ (|,8¥le2
that it contains at most three derivativesldf(V) evaluated  |g"Y |2)): see Eqgs(11) and (21)], the integral overw’
at the aQVanced tim¥. W.hen considering the interacting diverges in the infrared. Moreover”” diverges when
model withg(7) # const, this local property will be lost. e N ! w .

=w’'. Similarly, «_, is ill defined since the integral repre-

sentation of the Bessel function in E@®30) requires one to

II. UNIFORMLY ACCELERATED MIRRORS . . ..
contain a finite and positive real pagee Eq(Al)].

Uniform acceleration means that In addition to these problems in momentum space, when
) 5 computing the space-time properties of the flux, one encoun-
dx* d°x i i i =
K_ 22— const. (30) ters the following properties. When plugging (V)

—1/a2V for V>0 into Eq.(29), one finds tha{Ty\(V))P"

vanisheg This is not in agreement with the nonvanishing

In terms of Minkowski space-time coordinates, the trajectorycharacter of the 8 since, on one hand, <H\,(,|>

readst?—z2=UV=—1/a%. In the following, we will con-

sider a uniformly accelerated mirror living in the right Rin-

dler wedgeR, i.e., its trajectory isJq(V) = —1/a?V with V %Generally, the trajectories which provide a vanishingdlux are

running from 0 to+ (see Fig. 3 of the form Uy(V)=(AV+B)/(CV+D) [1]. Timelikeness im-
The scattering associated with this trajectory leads to sevposes AD>BC. If C=0, we recover inertial trajectories. If

eral difficulties when using the Davies-Fulling model. In C+#0, we recover uniformly accelerated trajectories with

Sec. Il A, we list these difficulties. Then we will see how a=C/\/AD—BC.

d7? dr?

024021-6



UNIFORMLY ACCELERATED MIRRORS. I. MEAN FLUXES PHYSICAL REVIEW D67, 024021 (2003

=[sdow(NY)y and, on the other hand, (H},)
=[T2dW(Tyy). Itis as if the created particles were carrying
no energy flux1,17,1§.

To sum up, the difficulties of the Davies-Fulling model
for uniformly accelerated trajectories are as follows.

(i) Unregulated and infrared diverging overlaps, E8S).

(i) A diverging expression fofN,,), the mean number of
particles created.

(iii ) A vanishing local flux, although pair creation transi-
tion amplitudes do not vanish.

(iv) When one considers the scattering tio uniformly
accelerated mirrors with symmetrical trajectories, i.e., which
both obeyUV=—1/a?, the (unregulateyl overlaps3 also
vanish, together with the local flux. Frofd9], one could
infer that these settings form a perfect interferometer. This
cannot be exactly the case since the two mirrors live in two
causally uncorrelated regions. This issue will be fully dis-
cussed in a forthcoming papEt5].

B. The switching function g FIG. 4. Here are presented tvgg7), both fora= 1. The solid
To avoid the difficulties listed above, we shall use ourline is with In7=-20 and the dashed line with lp=—18. One
self-interacting model, based on Eq$5) and (20). We re-  Sees that the size of the plateau is linear im lthereas the slope is
quire that the switching functiog(~) be continuous, differ- inerendent ofy. This remark WiII.be crucial when considering the
entiable, and it decrease sufficiently rapidly for largeA ~ Rindler energy emitted by the mirrgsee Sec. Il
choice we find very convenient and shall adopt is

1 (= _
g(7)=€72”003“87)267 ”[avc|(7)+l/avcl(r)], (34) 0,= E jo dVv e n@v+lavgioV
where 0< <1 is a dimensionless parameter which controls 1 1
h itching time. =—— —K(29pJ1l-iw/an). (37
the switching time am m 1\em Y

g(7) can be interpreted in two different ways: either as

governing how the interactipns with the mirrgr are turned ony, the ultraviolet, forx>a and w>a/7, the Rindler and
and off, or as a mathematical rggulatgr which properly deqjinkowski components decrease, respectively, as
fines the transition amplitude%;” ,B{i” . This second in-
terpretation implicitly relies on the limiy—0 (see Appen- Ao q
dix B). In the body of the text, we shall use the first ol ~ g(a/)\)llzefmlza, (39
(physica) interpretation ofg(7).

The features ofj(7) are the following(see Fig. 4. —

.(a) A plateau of height 1 centered aroung=0 and of g, ~ — (alw)3*yt e 20, (39)
width equal to a

2In(27)| From Eq.(38), one sees that the ultraviolet behavior of the
—77_ (35  Rindler component is independent f This is a direct con-
a sequence of poirn(b), which states that the maximal slope of
the switching function is independent gfwhen expressed in
(b) Slopes which are maximal and equalate+ O(7%?) proper timer. From Eq.(39) one finds instead that the ultra-
forar==*=(aT+In2). violet behavior of the Minkowski components is damped by
(c) An exponentially decreasing tail. We shall see that thisthe regulators.

extremely rapid decreasing behavior ¢~ ”ea‘Tl) is sufficient
for having a finite Minkowski flux on7*. C. Regularized amplitudes and particle content

We now compute the Rmdler and M|nkowsk| Fou_ner Giveng(r) of Eq. (34), the transition amplitudes can be
components ofj since they will reappear in the eXpreSS'onSexplicitly calculated. They are given in Appendix B and, as

of th_e_ transition ampll_tudes. They are given in terms of theexpected, they are well defined. Nevertheless, we will not
modified Bessel functions:

work with these amplitudes characterized by Minkowski fre-
guencies since they are not convenient for computing the

— i fwdre‘z” COSNaT)ei)\T:iK. (27) expectation value of observables. Similarly, we will not work
SISy am ML) with the transition amplitudes with Rindler frequencies even
(36)  though they are simply expressed in termgpfof Eq. (36).

2T=27g, _o=~
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It turns out that it is more convenient to express the fluxesentered around 0 and of extension a fa®a When\ be-
and the energy in terms of transition amplitudes containindongs to this interval, the following analysis applies.
one Minkowski and one Rindler frequency. More precisely, First, » acts as a regulator: the Minkowski frequencies
these amplitudes mix Minkowski and “Unruh” quanta. The which contribute tchy belong to the interval
Unruh modes@} are linear combinations of positive fre-
quency Minkowski modesind eigenmodes of Rindler en- answséaly, (44)
ergy \ (see[5,13] and Appendix Q.

These “mixed” transition amplitudésare given by the
matrix elements of the scattering operator with the
Minkowski operatora), and the Unruh ona :

where ¢ is a numerical factor. Its value is0.50 when one

uses the mid height criterionhy(w=¢&a/n,\;7)/hy(w

=a,\;n)=1/2 with \ belonging to the relevant interval.
Secondly, within the range given in EG4), hy, hardly

All*=(0|a etinalf|0),, depends onw, as shown in Fig. 8.Hence, for any given
value of », one can first trivially perform the integral over
Bl =(0la plelin|0). 40 from an to &al/n. The yalue of this integral is given by
o= (0]a,be"n(0) 40 hu(w=a,\;7)x £al n, sincen<1.
To first order ingg, using Eqs(15), (20), (63), and(78), we ~__ Thirdly, the height of the plateau hardly dependsipisee
get Fig. 6). This can be understood from E\4): when Eq.

(44) is satisfied and whem<1, BY) is independent of;.
Hence, one can take the limig—O0 to estimate howhy
depends or. In this limit, the scattering amplitudes obey

i .
A\ﬂ/);’\J* — %\/w)\/(l_efzrr)\/a)(l_ i w/an)f(lfl)\/a)IZ

XKi-inva(2nVl-iwlan), (41) W A Va
Box = ~190gmia_ g ma Yo (45)

ido — . (14
BZU=—\/w)\/(1—e 277)\/a)(1_|w/a ) (1+iNa)l2
M ma K wherey), = (¢., &) is given in Eq.(C6) of Appendix C. In

- this case, we get
XKy yina(2m1—iwlan). (42) 9

. VV
Moreover, as shown in Appendix C, tHé and V Unruh hu(w=a\;7)=4w|By]*
modes coincide when evaluated along the trajectory. There- g2
fore BY)=BY, and similarly forA. 0
Using these amplitudes, the mean Minkowski energy
emitted to,7," can be written

- 2m7a

A 2
eﬂ')\/a_ e ﬂ'}\/a) ’ (46)

thereby recovering the above mentioned Boltzmann expan-
sion law for|\|>a. Thus the mean energy can be approxi-

(Hi=4 dow [ anlBly? mated by
=t (H\,C,)=§Ef+wd)\ hu(w=a,\;7)
= fo dwfﬂo d\ hy(w,\; 7). (43 nJ) -
o g5a’
The number 4 before the first integral means that processes = 6rr’ (47)

involving U or V particles andJ or V antiparticles equally

contribute to the mean Minkowski energy emittedfg (or Although the numerical factor is not exactly determirgbe-

TR)- _ Ve ) cause of the ambiguity of defining), we will see in the next
The exact computation dHy) will be performed in the  section that the factog?a® and the scaling in %/ correctly

next se\(/:\'gion. In the following, we shall St“%(wvh{//) define the behavior ofH};) when <1 (the exact value of
=4w|BY)|? to give a qualitative understanding 6H})). ¢is 3/8 instead of 1/p

The usefulness of the mixed representation is that the behav- g far, by the introduction of the switching off function

ior of hy(w,\;7) in the (w,\,7) space is quite easy to ex- [Eq. (34)], we have solved the first two problems listed in
plain. The starting point is that the normBf,)’ decreases as Sec. Il A. Indeed, the transition amplitudéspressed in the
e 27M/a for |\|>a, as expected from the correspondence

mentioned in footnote 3. Hence, the relevant range. @

“In this, we recover what was found for an accelerated detector;
see Sec. 2.4 df13]. In that case, the Minkowski frequencies that
3These scattering amplitudes make contact with the transition ameontribute to the processes are the Doppler frequencies that resonate
plitudes of a uniformly accelerated detector coupled to the radiatiomvith the energy gagdM when the interactions are turned on, i.e.,
field @ [5,6,7,13,2Q For instance, the spontaneous emission am-those that satisfy=e?"AM for — T<7<T. Moreover, within that
plitude of a two-level atom with an energy gagM is equal to  range, the transition amplitudes do not dependwoand the limit
(0y\)1BYS [ —am; See Eq(2.48 in [13]. 7—0 can be used to estimate the amplitude, as in(&5).
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FIG. 5. Here we shoviny,(w,\=0.15;7) in terms of Inw and FIG. 6. Here we showhy(w=1)\;7) in terms of\ and In».
In . One sees clearly that the surface exhibits a “plateau” of con-One clearly sees that the energy density is independent ofy.
stant height which is limited by the lines &==In 7. This comes from that the fact that we compute it “within the pla-
hy(w,N\; ) is given in arbitrary units and=1. teau,” i.e., forap<w=a<alyn. Again, hy(w,\;7n) is given in

arbitrary units anda= 1.

Minkowski, Rindler, or mixed representatipare now well

defined in both the infrared and the ultraviolet, and the en- 1 1

ergy emitted is no longer infinite. The third and last point, vy Wyad V—V') == 7— V=V Zie?" (50
i.e., the issue concerning the local fluxes, is the subject of the

next section. ) ) )
Using this function, they read

I1l. LOCAL MINKOWSKI AND RINDLER FLUXES 9

In the Davies-Fulling model, the flux is given by H&9). (TwV))1=~ 242
It is a local function of the trajectory (V) and its deriva-
tives expressed at the advanced tivheThis result relies on x Im’ fmdrg(r)\'/z(r)
the time independence of the coupling. Indeed, this feature w cl
no longer occurs when the coupling to the radiation field is

[V=Vu(1)—iel*|’

switched on and off. (5D)
To compute(Tyy) of Eq. (23) we first put together the
two terms quadratic igy. This is appropriate when comput- 92 o g(')
ing local properties in space-time because it leads to a sSim{T,,\(V)),= _02 R f - —
plification since this gives rise to a commutator which is - [Va(r')=V—ie]
local. Then the flux reads
+ o
x| argmaatvan -v)
(Tw(V))=—=21m{{0[TyyLinl 0)} o
+Re((O|Lind Tvv,Lind[0)) (48) [
[Va(7") = V(1) —i 6]2
=(Tw(V)1+(Tw(V))2. (49 _ _
Ug(m)Uq(7") [
(Note that all disconnected diagrams automatically cancel in - : N TUS(F)—U —iel?] [
this expression.Both terms are governed by the second de- Va(1)Vg(7') [UalT)=Ual(n)—ie]
rivative of the Wightman function, Eq27), (52

024021-9
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where an overdot designates a derivation with respect to the In Eq. (56), we have separated the flux into two parts, a
proper time. The functiod,, 6 comes from the commutator square term which will lead to a positive Minkowski energy
_ (HY)=J12dW(Tyy), and a total derivative which does not
t _ t= L L\ contribute to itfnote the similarity with(T},,,) and(T\,\,) of
Lov®L v ®I=[ovE.dy 1= 5 dvolV =V, 3 Eq. (23)]. When using the coupling function of E(4) and
) o _ Egs.(56) and (A1), one can obtain an analytical expression
To evaluate the integrals, it is appropriate to use thgg,, (HY):

dummy variableV=V(7) and to define a new function

2,3
-~ . - - Y0
(V) =V (V) g(V]), (54) (Hw)= §[8773Ko(47/)+(4772+ 27K q(47)
which can be interpreted as the effective coupling constant —87°K,(47)—37*K3(4n)+ 5*Ks(47)].
when usingV as the time. Using this function, one can evalu- (57)

ate Egs(51) and(52) by integrating by parts until the expo-

nent of the pole is unity. All boundary contributions vanish if When taking the limity—0 one obtains

g(7) decreases faster than?!, a condition satisfied by the

switching function we chose in Eq34). If g(7) decreases v 70 gﬁa3 1

more slowly thane~2", the expectation value dFyy is ill (Hw) ~ To7 - HOWD. (58)

defined. Hence it appears that the conditigm)e®™—0 for g

T— =+ is a necessary condition for having well-defined Hence, up to a numerical factor, we recover the result of Eq.

Minkowski expressions. (47). It is interesting to see how the pathological features of
Concerning Eq(51), after three integrations by parts, the constant coupling reemerge when taking-0. In this limit,

last integration is trivially performed by using {(m—ie) !}  the effective coupling constant of Eq54) obeys G(V)

=md(x). Concerning Eq(52), the two terms within the pa- =aV. Hence Eq(55) gives a vanishing flux whered#i,)

rentheses are equal. In order to compute this expression, oggearly divergegsee Eq(58)].

first performs the integral over by using the functiord, . To complete the analysis of the transients, we now com-
Then, as for Eq(51), one integrates by parts until one gets apute the Rindler fluf(T,,)=(dV/dv)*T\y))] in terms of
first order pole. . the Rindler advanced time =(1/a)in(aV). This analysis
Grouping the results for Eq$51) and (52), one obtains, clearly establish that the Rindler energy carried by the tran-
for V>0, sient effects is insensitive to the duration of the interaction
1 5 N 5 and depends only on the rate of switching on and off the
(Tw(V>0))= 127 L90NG—Go(CHG+20,GAG)] interactions. From Eq55), we get
(55 a2
. (Too(0))= 75~ {—~909,9+95[97,9+2(9,9)%]}
0
= o UG+ o[-~} (56)

1 3 2 4 3
For V<0, one getyTyy)=0 as expected since thé<0
part of 7, is causally disconnected from the mirror (59

trajectory’ )

= 20 [a2(0,0)+(#9)21+ A,[ ]

SWe would like to briefly comment on causality. When computing (60
the flux in a causally disconnected point with respect to the trajec- . ) Vv
tory, one must obviously find zer®0]. This is trivially the case AS for the Minkowski energyHy,), Eq.(60) shows that one
when one expresses, in Eq84) and(25), the transition amplitudes also obtains a positive Rindler enerQM\F@:ftsz(Tuuf
as integrals over the proper timeand first performs the integral Using g given by Eq.(34), the Rindler energy is
over w. However, in the absence of a regulator, one loses causality

when inverting the order of the integrations. This can be seen from Vi gga’ 5
the unregulated amplitudes where the fact that the mirror was in the (Hp)= om 7 Ka(47), (62)
R or L quadrant is losfsee Eqs(B4)] in Appendix B. The advan-
tage ofg(7) is to give rise to transition amplitud¢see Eqs(B1)], -0 2.3
wherein the prescription of the pole governed#pkeeps control of ( v 902

: : . . : HR) —— -+ 0(7). (62
causality. The same remark applies to the amplitudes in the mixed 167

representation defined in Eqell) and (42). When using them to ) ]

compute the flux, causality is kept. Because of the analogy with the [N Fig. 7, we have plotted the Rindler flux when the
transition amplitudes of an accelerated detector, causality is alsdwitching functiong is given by Eq.(34). We previously
preserved by regularizing these amplitufiese Eqs(25), (26), and  noticed that the slope @j(7) does not depend on. As the
(63) of [7]]. slope determines the Fourier contentgef, one understands
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0.6

why we obtain a nonvanishing Rindler energy even in the
limit »— 0. We could have chosen different switching func-
tions g(7) such that their slope would tend to zero. In the
limit, we would have foundHg)=0, as for a constant cou-
pling. However, in this case, we would necessarily have ob-
tained a diverging Minkowski energfH);), since the con-
dition g(7)e?"—0 for r—+o would not have been =
satisfied. Henc€Hg) cannot be sent to O if one requires a
finite (H}}).

=>
v

J
H
H
}
0.5 i
!
H
!
1
i
H
!

0.4

0.3

CONCLUSIONS '

By considering the self-interacting model defined by Eq. 0.2
(15), with F given in Eq.(20) andg(7) given in Eq.(34), we
have solved all the difficulties listed in Sec. Il A: The trans-
mission amplitudes are well defined and given in Ed4), 0.17
(42), and(B1), the mean energy flux is given in EG7), and i
the local flux in Eq.(55). All these quantities are regularized .
by the parameter; which controls the switching on and off _m'."
of the coupling through Eq34). v

The important lesson which emerges from this analysis is
the following: When expressin@l'yy) in terms ofA andB as
in Egs. (24) and (25), the regulatory should be sent to 0
after having integrated oveg, w, andw’. In this, we recover
what was found if22] when evaluating the energy density ~ FIG. 7. Here is plottedT,,(v)) as a function ofav =In(av),
in the Rindler vacuum. If instead one first sengls>0, the for a=1 in arbitrary units and for two different values gf The
unregulated expressions of the scattering amplitudes are §itching function has been taken for 4/=—6 (solid curvg and
poorly defined that one even loses causality and crossinlj 7= —8 (dashed curve Notice the two following properties. The
symmetry(see Appendix B Therefore, in the presence of ux is significantly _nonzgrq within the transients onl_y. The am_pll-
horizons, or more generally when the mirror enters or Ieaveg"d_e of these transients is independent of the duration of the inter-
space-time through null infinities, it is mandatory to consider2¢tions governed by.
the scattering amplitudes as distributions and not only as .
functions of frequencies belonging 6, +«]. 4 — _ imko— v

In addition, bqy expressing thge s%attering amplitudes in the (E E) {Z 7K (2} =72 K, (D). (A3)
mixed representatiofsee Eqs(41) and(42)], we have made
contact with the physics of a.un_iformly ag:pelerateq detectolye also recall the asymptotic behavior of this for small
In_deed, its absorption or emission transition amplltu_des ar&nd large arguments:
given by the same functions as the scattering amplitudes in
the mixed representation. This strict correspondence estab-
lishes that the physics of uniformly accelerated systems is K (z)zio—ln(z)
dominated by the kinematics, namelyea) stationarity with 0
respect to propefRindlen time and(neay singular behavior

due to the exponentially growing blueshift effects associated =0T (p) v
with uniform acceleration. and K, (z) ~ |3 for R(v)>0 (A4)
APPENDIX A: BESSEL FUNCTIONS whereas
In this appendix we recall some features of the modified
Bessel function¥K ,(z), where (,z) e C (see[21], p. 374. 7+
They can be expressed by the following integral representa- KJ(z) ~ Jml2ze™* for all v. (A5)
tion:
% B . APPENDIX B: REGULARIZED
K,(2)= fo dt e 2" coshut), (A1) TRANSITION AMPLITUDES

The aim of this appendix is to give the exact expressions
where|argg)|<m/2. Forke N'andve R, one has for the regularized transition amplitudes in terms of
Minkowski frequencies. The main virtue of the regulaipis
to define them without ambiguity. The direct evaluation of

14 “ —imk,v—
(__> {ZK@)=e"" 2 Ko@) (AD g ) with o) defined by Eq(34) gives

Z 0z
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4igy Vlwo'| 7? i wo' 0w’
AV = Sw—w') - Rl | | 77—2K2(X) where BYY, '90 i | Ko| 2 J | _
we ko a X 0w T a a

(B4d)
=29V1-i(w—w)lay, ) )
X=2ny1l-ile-w/a (B13 Although the choice of our Lagrangian, based on @§),

4i (o] 72 has removed the infrared divergences,Aiterms are clearly
VV,:ﬂﬂxlsz(x/) where il defined, as in the original Davies-Fulling model. More
a !

@ ™ importantly, crossing symmetry and causality are both lost if
one uses these unregulated amplitudes. This clearly estab-
X'=2n9Vl-i(eoto')lan, (B1b) lishes that the Bogoliubov coefficients must be conceived as
distributions or at least as analytical functions efandw’,
VU igo V]wo'| and not merely as functions defined frdf +oo[. Thus the
Avor =~ g KolY) where limit 7—0 should be performed only at the end of the cal-
culation, after having performed all integrations. This is be-
Y=2{(wla+in)(-w'la=in), (B1g cause the limity— 0 in general does not commute with these
integrations.
vu _ 190 lwo'| ,
=— Ko(Y') where APPENDIX C: THE UNRUH MODES

oo’ T a
_ . By definition, the “Unruh”[5] modes®, and )y possess
Y'=2\(wlatin)(o'la~in). (B1d)  the following properties: they are made of positive

, Minkowski frequency modes only, whatever is the sigr\pf
Two important remarks should be made. Because these amq they are eigenfunctions V4, (or —iaUdy,) with

plitudes have been regularized, they possess analytical progigenvajuex. They are thus well adapted to study uniformly
erties which guarantee that they obey crossing symmetry,-.ejerated systems since they are eigenmodeis of \

that is, where 7 is the proper time calculated along the accelerated
Aij * _ BIJ . (B ) traJeCtory.
o' w,0'e™ Since the Unruh modes form a complete and orthonormal

basis, one can define in a canonical way the corresponding
annihilation and creation operators of particles and antipar-

: Al ait f Rit.
ficlesa,, &', by, andb; :

(see[23] for exploiting this symmetry in studying acceler-
ated detectopds Secondly, had the mirror followed the accel-
erated trajectory in the left quadrant rather than in the righ
one, the corresponding transition amplitudes would have NI
been obtained by simply replacingby — . a=(e\.P),
We wish also to stress thgt(7) can be considered as a

mathematical regulator which properly defines the transitiorﬁ/]
amplitudes. Consider, for instantﬁgg, . Using Eq.(34), it

is given by

bl=(3,,@"), (CD

here the subscrigtstands as before fdd andV. Hence,
e scalar field can be decomposed as

+o L A
auv= 3 [ Cavalarer).  ©
i=U\V J-—x
BVU

wo'

B et J' dviei[(min)v—(w’—in)/aZV]. (B3)
a oV Note that the integrals ovexr cover the entire real axis.
The Unruh modes are analytically expressed as follows:
One clearly sees that the integral is now well defined for both

V—0 andV—o. i - [a(v—ieg] Ve
Finally, it is interesting to take the limig—0 to see how ey (V)=Iim = (C3
. . 0 \/4 )\(1—6 277)\/a)
one recovers the singular amplitudes that one would have e ™
obtained with a constant coupling. Using E@B1), in the oy
.. . 0 g iw
limit »—0, we get ZJ do 7Y, , (ca
. - 0 VamTw
AVVE 50— ,)+|g_oa V]oo'| (B4a)
wo' e 27 (w—w')?’ with
vV IgO \/|ww’| ’)’Y‘DE((,DX,E,\DY (C5)
B ———a—, (B4b)
0o 27 (wtw') ) N B
3 I'(—iNa) (w IMa groe
AVUR igo V]wo'] | o V]wo'| Jam/\ sinh(mh/a)\ @)  27aw
oo m a ° a , Vy—17%
(B4o) =[(y)rol*- (Co)
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Notice that the regulator in Egs.(C3) and(C6) plays a role

similar to » in the text: e is neededto properly define the

energy density in the Rindler vacuur2].

When considerindJ modes, we get similar expressions
with y?,=7)* . Finally, when evaluated along the acceler-

ated trajectories, within the rigliR) or the left(L) quadrant,
U andV Unruh modes coincide and are given by,Rn

V=VE(7r)=e?"a,
U=UR(n=-e?7a,

e—i)\r

and Y(V)=¢Y(U)= €7

Jamn(1—e 2™ a)'

PHYSICAL REVIEW D67, 024021 (2003

and inL,

V=Vi(r)=—e 2"a,

U=UL(n=ea,

iNT

Jamn(e?™a_1)’

and ¢Y(V)=y(U)= (C8
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